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amplifier is an erbium-doped fiber amplifier (EDFA) with a
noise figure of 6 dB and a gain that compensates the fiber
span loss: G = eαpLs .
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Fig. 2: Capacity versus channel launch power per mode at
different nonlinear penalties for a FMF of Ls = 100 km and
Ns = 5.

Fig. 1 shows the degradation of the FMF capacity with the
fiber maximum reach for different nonlinearity penalty limits
at the optimal launch power. It is shown that the nonlinear
penalty effect is greater in the fundamental LP01 than the

degenerated modes (LP11a, LP11b) in both the inter-modal
and the intra-modal limits. Also, the inter-modal penalty is
more significant than those for intra-modal ones in all spatial
modes. This penalty variation is related to the different spatial
interactions and the fiber effective areas of different modes.

The capacity for different constellation QAM levels (4, 16,
64) is compared to both the nonlinear and linear Shannon
limits in Fig. 2. The impact of the nonlinearities does not
appear at low constellation levels (4-QAM). However, at
moderate levels (16-QAM), the different nonlinearity penalties
become significant and limit the FMF capacity from reaching
its maximum value (which is 24 b/symbol for a 3-mode dual-
polarized signal). In addition, both the inter- and intra-modal
impacts are approximately equal as shown in Figs. 2-b and 2-
c. At high constellation levels, the impact of the nonlinearities
becomes more significant for different penalties. Furthermore,
the inter-modal impact becomes greater than the intra-modal
one by ≈ 1.5% at nonlinear Shannon limit. These nonlinearity
penalties are clear in the nonlinear Shannon capacity curves
for different nonlinearity limits. The optimal launched power
(top points on curves in Fig. 2) only depends on the penalty
limit ( nonlinear tensor’s values) not on the constellation order.

IV. CONCLUSIONS

The GN-model has been extended for FMFs in order to
estimate the effects of different nonlinearity penalties. A
closed-form formula for the nonlinear FMF capacity has been
obtained. Using this formula, it has been verified that the
performance degradation due to the inter-modal penalty is
greater than those for the intra-modal ones. In addition, the
nonlinear impact on the fundamental mode is greater than that
for the degenerated modes.
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Abstract—A closed-form expression for the nonlinear capacity
of a few-mode fiber (FMF) is formulated analytically by extending
the Gaussian noise (GN) model. The effects of different nonlin-
earity penalties on the system capacity are then evaluated via
simulations.

I. INTRODUCTION

Space-division multiplexing (SDM) is a promised degree
of freedom to increase the transmission capacity, which is
rapidly approaching its fundamental limit in single mode fibers
[1]. Few-mode fibers (FMFs) are remarkable channels for
SDM techniques. However, the nonlinear interaction between
different propagation modes in FMFs is a major source of
performance limitation which must be addressed for its miti-
gation. Few analytical efforts have been developed to model
the nonlinear propagation in multi-mode fibers [2], [3]. In this
paper, we extend the GN-model developed for single mode
fibers [4] to address the different nonlinearities impact in
FMFs. In [3], a general integral formula for the cross-modal
nonlinear interaction has been proposed for multimode fibers.
However, in this work, a simple closed-form expression (with
less computational complexity) for the nonlinear capacity of
FMFs is derived for the case of weak linear coupling regime
among the different spatial modes. In addition, the effect of
different nonlinearity penalties for various constellation orders
are investigated.

II. PROPOSED GN-MODEL FOR FEW-MODE FIBERS

The signal propagation of mode p in a FMF has been
already described in [5]. It is divided into a linear part
(dispersion + attenuation) and a nonlinear part, given by
Np = jγ

(
8
9fpppp

∣∣Āp

∣∣2 + 4
3

∑
h �=p fpphh

∣∣Āh

∣∣2). Here Āp is
the field envelope of mode p, γ is the fiber nonlinearity co-
efficient, fpppp is the intra-modal nonlinear coefficient tensor
of mode p, and fpphh is the inter-modal nonlinear coefficient
tensor between p and h spatial modes. The calculated values
of these tensors have been reported in [1].

The GN-model for single mode fibers assumes that the non-
linearity source can be modeled as an additive Gaussian noise
which is statistically independent from both the amplifier noise
and the transmitted signal [4]. Also, it assumes the transmitted
signal as a wavelength-division multiplexed (WDM) comb
signal with Nch channels. These assumptions can be extended
for FMFs based on the fact that the interaction between
any two orthogonal polarization modes is equivalent to that

between two spatial modes [6]. Therefore, the performance of
a FMF link per mode can be determined by the optical signal-
to-noise ratio as OSNRp = Ptxp

/(PASE + PNLp
), where

Ptxp is the launch power per mode, PASE is amplified-
spontaneous-emission (ASE) noise power, and PNLp is the
nonlinear interference power per mode.

From Shannon’s relation of capacity for the unconstrained
additive-white Gaussian noise channel of single-polarization
single mode fiber, we can formulate an extended relation for
the dual-polarization few-mode fiber capacity per mode as

Cp =
2Rs

Bch
log2

(
1 +

Rs

Bn
OSNRp

)
bits/symbol/mode,

(1)
where Bn is the noise bandwidth of 12.48 GHz (equivalent
to the reference 0.1 nm resolution for OSNR calculation),
Rs is the signaling rate, and Bch is the WDM channel
bandwidth. After a rigorous mathematical analysis, we derive
the nonlinear interference power formula through integrating
its power spectral density (PSD) over the WDM bandwidth
Bw = NchBch. Furthermore, this PSD is obtained by statis-
tically averaging the square absolute-value of the nonlinear
optical field. Next, by assuming a rectangular shaped WDM
channel spectrum with bandwidth Bch with has the same
value as signalling rate Rs at Nyquist case, a closed-form
expression for the nonlinear interference power per mode can
be obtained at the center channel frequency [7]. Finally, the
overall capacity for the few-mode fiber is formulated by the
summation of all mode capacities. The final expression of the
overall capacity is shown in (2) at the top of next page, where
M is the number of spatial modes, Leffp = (1− e−αpL)/αp

is the span effective length of a fiber with length Ls, and a
mode fiber loss coefficient αp, Ptx is the total lunch power,
β2p is the mode group-velocity dispersion (GVD), Ns is the
number of fiber spans, F is the amplifier noise factor, h is
Plank’s constant, ν is the center channel frequency, and G is
the amplifier gain.

III. MODEL RESULTS

In this section, we apply the proposed model for a system
with the following FMF parameters [1] (αp ≈ 0.22 dB/km,
β2p ≈ −21.2 ps2/km, and γp ≈ 1.3 W−1km−1) for three
modes (LP01, LP11a,b). For the WDM system, the specifica-
tions are assumed as: Rs = 32 GBaud (that is, a net sampling
rate of 25 GBaud + 20% for forward error correction (FEC)
and network protocols overheads [4]) and Nch = 5. The used
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amplifier is an erbium-doped fiber amplifier (EDFA) with a
noise figure of 6 dB and a gain that compensates the fiber
span loss: G = eαpLs .
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Fig. 2: Capacity versus channel launch power per mode at
different nonlinear penalties for a FMF of Ls = 100 km and
Ns = 5.

Fig. 1 shows the degradation of the FMF capacity with the
fiber maximum reach for different nonlinearity penalty limits
at the optimal launch power. It is shown that the nonlinear
penalty effect is greater in the fundamental LP01 than the

degenerated modes (LP11a, LP11b) in both the inter-modal
and the intra-modal limits. Also, the inter-modal penalty is
more significant than those for intra-modal ones in all spatial
modes. This penalty variation is related to the different spatial
interactions and the fiber effective areas of different modes.

The capacity for different constellation QAM levels (4, 16,
64) is compared to both the nonlinear and linear Shannon
limits in Fig. 2. The impact of the nonlinearities does not
appear at low constellation levels (4-QAM). However, at
moderate levels (16-QAM), the different nonlinearity penalties
become significant and limit the FMF capacity from reaching
its maximum value (which is 24 b/symbol for a 3-mode dual-
polarized signal). In addition, both the inter- and intra-modal
impacts are approximately equal as shown in Figs. 2-b and 2-
c. At high constellation levels, the impact of the nonlinearities
becomes more significant for different penalties. Furthermore,
the inter-modal impact becomes greater than the intra-modal
one by ≈ 1.5% at nonlinear Shannon limit. These nonlinearity
penalties are clear in the nonlinear Shannon capacity curves
for different nonlinearity limits. The optimal launched power
(top points on curves in Fig. 2) only depends on the penalty
limit ( nonlinear tensor’s values) not on the constellation order.

IV. CONCLUSIONS

The GN-model has been extended for FMFs in order to
estimate the effects of different nonlinearity penalties. A
closed-form formula for the nonlinear FMF capacity has been
obtained. Using this formula, it has been verified that the
performance degradation due to the inter-modal penalty is
greater than those for the intra-modal ones. In addition, the
nonlinear impact on the fundamental mode is greater than that
for the degenerated modes.
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Abstract—A closed-form expression for the nonlinear capacity
of a few-mode fiber (FMF) is formulated analytically by extending
the Gaussian noise (GN) model. The effects of different nonlin-
earity penalties on the system capacity are then evaluated via
simulations.

I. INTRODUCTION

Space-division multiplexing (SDM) is a promised degree
of freedom to increase the transmission capacity, which is
rapidly approaching its fundamental limit in single mode fibers
[1]. Few-mode fibers (FMFs) are remarkable channels for
SDM techniques. However, the nonlinear interaction between
different propagation modes in FMFs is a major source of
performance limitation which must be addressed for its miti-
gation. Few analytical efforts have been developed to model
the nonlinear propagation in multi-mode fibers [2], [3]. In this
paper, we extend the GN-model developed for single mode
fibers [4] to address the different nonlinearities impact in
FMFs. In [3], a general integral formula for the cross-modal
nonlinear interaction has been proposed for multimode fibers.
However, in this work, a simple closed-form expression (with
less computational complexity) for the nonlinear capacity of
FMFs is derived for the case of weak linear coupling regime
among the different spatial modes. In addition, the effect of
different nonlinearity penalties for various constellation orders
are investigated.

II. PROPOSED GN-MODEL FOR FEW-MODE FIBERS

The signal propagation of mode p in a FMF has been
already described in [5]. It is divided into a linear part
(dispersion + attenuation) and a nonlinear part, given by
Np = jγ

(
8
9fpppp

∣∣Āp

∣∣2 + 4
3

∑
h �=p fpphh

∣∣Āh

∣∣2). Here Āp is
the field envelope of mode p, γ is the fiber nonlinearity co-
efficient, fpppp is the intra-modal nonlinear coefficient tensor
of mode p, and fpphh is the inter-modal nonlinear coefficient
tensor between p and h spatial modes. The calculated values
of these tensors have been reported in [1].

The GN-model for single mode fibers assumes that the non-
linearity source can be modeled as an additive Gaussian noise
which is statistically independent from both the amplifier noise
and the transmitted signal [4]. Also, it assumes the transmitted
signal as a wavelength-division multiplexed (WDM) comb
signal with Nch channels. These assumptions can be extended
for FMFs based on the fact that the interaction between
any two orthogonal polarization modes is equivalent to that

between two spatial modes [6]. Therefore, the performance of
a FMF link per mode can be determined by the optical signal-
to-noise ratio as OSNRp = Ptxp

/(PASE + PNLp
), where

Ptxp is the launch power per mode, PASE is amplified-
spontaneous-emission (ASE) noise power, and PNLp is the
nonlinear interference power per mode.

From Shannon’s relation of capacity for the unconstrained
additive-white Gaussian noise channel of single-polarization
single mode fiber, we can formulate an extended relation for
the dual-polarization few-mode fiber capacity per mode as

Cp =
2Rs

Bch
log2

(
1 +

Rs

Bn
OSNRp

)
bits/symbol/mode,

(1)
where Bn is the noise bandwidth of 12.48 GHz (equivalent
to the reference 0.1 nm resolution for OSNR calculation),
Rs is the signaling rate, and Bch is the WDM channel
bandwidth. After a rigorous mathematical analysis, we derive
the nonlinear interference power formula through integrating
its power spectral density (PSD) over the WDM bandwidth
Bw = NchBch. Furthermore, this PSD is obtained by statis-
tically averaging the square absolute-value of the nonlinear
optical field. Next, by assuming a rectangular shaped WDM
channel spectrum with bandwidth Bch with has the same
value as signalling rate Rs at Nyquist case, a closed-form
expression for the nonlinear interference power per mode can
be obtained at the center channel frequency [7]. Finally, the
overall capacity for the few-mode fiber is formulated by the
summation of all mode capacities. The final expression of the
overall capacity is shown in (2) at the top of next page, where
M is the number of spatial modes, Leffp = (1− e−αpL)/αp

is the span effective length of a fiber with length Ls, and a
mode fiber loss coefficient αp, Ptx is the total lunch power,
β2p is the mode group-velocity dispersion (GVD), Ns is the
number of fiber spans, F is the amplifier noise factor, h is
Plank’s constant, ν is the center channel frequency, and G is
the amplifier gain.

III. MODEL RESULTS

In this section, we apply the proposed model for a system
with the following FMF parameters [1] (αp ≈ 0.22 dB/km,
β2p ≈ −21.2 ps2/km, and γp ≈ 1.3 W−1km−1) for three
modes (LP01, LP11a,b). For the WDM system, the specifica-
tions are assumed as: Rs = 32 GBaud (that is, a net sampling
rate of 25 GBaud + 20% for forward error correction (FEC)
and network protocols overheads [4]) and Nch = 5. The used
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