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Abstract—Gradual multi-pulse pulse-position modulation
(Gradual MPPM) is proposed as a new modulation technique
to improve both the performance and bandwidth utilization
efficiency of conventional optical multi-pulse pulse-position modulation (MPPM) scheme. While in conventional MPPM scheme,
a fixed number of optical pulses is transmitted in every signal
block, variable numbers of pulses are transmitted in the proposed
scheme. Information is represented by different combinations of
the positions of these pulses. The transmission characteristics,
bandwidth utilization, and power requirements for the proposed
scheme are studied in this paper. Several performance measures
are derived and compared to that of conventional MPPM scheme.
Our results reveal that the proposed modulation scheme achieves
higher transmission energy efficiency (in bits per photon) at
the same symbol error rate (SER). In addition, at the same
average power, the proposed gradual MPPM scheme achieves
much lower levels of SERs than that of the ordinary MPPM
scheme. Furthermore, the proposed scheme allows much more
symbols to be transmitted per frame than that of the ordinary
MPPM scheme with the same frame size. This clearly leads to
significant enhancement in the achieved bandwidth utilization
efficiency.

I. I NTRODUCTION
One of the most popular modulation techniques that is
used in optical direct-detection channels is the single pulse
position modulation (PPM) [1,2]. The advantage of using
PPM is to locate the transmitted power efficiently in order
to reduce the symbol error rate. Although, increasing the
number of frame slots reduces the symbol error rate, it further
reduces the bandwidth utilization efficiency and increases the
synchronization errors. To overcome these drawbacks, the
multi-pulse pulse position modulation (MPPM) was proposed
[3]. In MPPM instead of transmitting a single optical pulse
per frame, several pulses are allowed for transmission in order
to increase their combinations per frame. Thus, a noticeable
enhancement in bandwidth-utilization efficiency is achieved.
Several performance comparisons between conventional single
pulse PPM and multi-pulse PPM were made based on different criteria and under various transmission conditions [3][6].

The results indicate that the portion of bandwidth reduction
achieved by MPPM is a function in number of optical pulses
per frame. Also, using this scheme, the transmission bandwidth
could be reduced to about half that of conventional optical
PPM at the same information rate.
However, at the same information rate and allowing different bandwidth utilizations, the PPM outperforms MPPM
in terms of bit error rates. Clearly, this performance gap is
reduced when large number of slots per frame is implemented.
Thus, different modulation formats are preferable under different transmission constraints, such as peak transmission power,
average transmission power or bandwidth utilization.
In this paper, we propose a new modulation scheme that improves both the symbol error rate and the bandwidth utilization
efficiency for the ordinary MPPM. In the proposed modulation
scheme, which is called gradual multi-pulse pulse position
modulation (gradual n-pulse M-PPM), we try to increase the
number of transmitted symbols per frame while maintain a
reasonable small number of slots per frame.
The rest of the paper is organized as: In Section II, we
develop a general system model for gradual n-pulse M-PPM
scheme and its variants. Also, the differences between the
proposed gradual scheme and the ordinary scheme are stated.
In Section III, we present the maximum-likelihood decoding
(optimal decoding) for the proposed scheme on direct detected
optical signals with the presence of background radiations.
In Section IV, we derive performance measures in terms of
the symbol-error rate under both average transmission power
constraint and peak transmission power constraint. Finally, the
performance comparisons and numerical results are presented
in Section V.
II. P ROPOSED S YSTEM M ODEL AND C HARACTERISTICS
In ordinary single pulse PPM with frame size of M slots, the
transmitted frames contain only one optical pulse that results
in transmission of log2 M bits per frame. On the other side, in
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Fig. 1: Frame structure in ordinary MPPM
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Fig. 2: Frame structure in gradual MPPM

the ordinary multi-pulse pulse position modulation (n-pulse MPPM), the transmitted frames contain
n optical pulses resulting

in the transmission of log2 M
bits
per
frame.
n
Clearly, in order to increase this number, the modulation
constellations must be increased. To achieve that, we propose
gradual multi-pulse pulse position modulation (gradual n-pulse
M-PPM) scheme. In this scheme, instead of transmitting a
fixed number of optical pulses (n pulses) per frame, we allow
the transmission of one or more pulses (up to n pulses) per
frame. The resultant
 of transmitted symbols per frame
Pn number
M
in this case is
symbols. Clearly, this number is
i=1 i
much larger than the number of
 symbols available by ordinary
MPPM schemes which is M
n symbols. Thus, with the same

frame size and same maximum number of transmitted optical
pulses, the proposed gradual n-pulse M-PPM scheme achieves
higher transmission capacity than the ordinary n-pulse M-PPM
scheme. Furthermore, in the proposed modulation scheme, the
maximum number of transmitted optical pulses per frame nG
is allowed to increase largely up to the value of M in contrast
to the ordinary MPPM, where the value of nM is limited
to M/2. This valuable increasing in number of transmitted
optical pulses per frame causes the bandwidth-utilization efficiency, achieved by the proposed scheme, to increase notably
and reach near 100%. Thus, another additional and important
advantage rises for the proposed scheme.
The frame structure of both the ordinary MPPM and
proposed gradual scheme are illustrated in Figs. 1 and 2,
respectively. However, to clarify the idea of the proposed modulation scheme, we consider a numerical example in which the
transmission frame consists of 8 slots. In ordinary single pulse
PPM, the number of available symbols for transmission is 8
symbols producing a transmission of 3 bit per frame. For 2pulse 8-PPM scheme, there are 82 = 28 symbols resulting
in the transmission of 4.8 bits per frame. Using gradual 2pulse 8-PPM scheme, both single and double optical pulses
are allowed for transmission resulting in a total of 8 + 28
= 36 symbols and a transmission of 5.16 bits per frame. An
increase of about 10% is obtained in the information rate.
The maximum transmission utilization achievable by MPPM
scheme with frame size of 8 slots occurs when nM = 4. In this
case, the number of available symbols is 70 symbols resulting
in transmission of 6.12 bits per frame. For gradual 4-pulse
8-PPM case, the number of available symbols is 8 + 28 + 56
+ 70 = 162 symbols. Thus, achieving more than double the
available symbols of ordinary 4-pulse 8-PPM.
Generally, in ordinary n-pulse M-PPM scheme,
 the number of transmitted bits per frame is log2 nMM (bits/frame)
whilePin gradual
n-pulse M-PPM scheme this number is
nG M 
log2 i=1
.
To
cope for this, the bandwidth utilization
i
efficiency for ordinary n-pulse M-PPM scheme is given by:

log2 nMM
(1)
UM =
M
While the bandwidth utilization efficiency for gradual n-pulse
M-PPM scheme is given by:
PnG M 
log2 i=1
i
UG =
(2)
M
Therefore, at the same values for nM and nG , the information rates ratio is given by:

Pn
log2 i=1 Mi
Inf ormation rates ratio =
(3)

log2 M
n
As expected, the ratio is increased by increasing the maximum number of optical pulses per frame allowing more
symbols to be available for transmission. Thus, the bandwidth
utilization efficiency could be increased significantly using the
proposed scheme which is highly intended to be used for
applications that require efficient bandwidth utilizations.

III. M AXIMUM L IKELIHOOD D ECODING
Here, we aim obtaining the optimal decoding that minimizes
the decoding error rate for the proposed gradual n-pulse MPPM scheme. To simplify the analysis, we consider a discrete
memory-less optical channel with Poisson distribution for both
signal and background optical radiations. The detected photoncounts associated with the slots of each received frame are
summarized in the received M-component photon-count vector
k = (k1 , k2 , k3 , .., kn , .., kM ). Clearly, the probability of each
count component is Poisson distributed with an average value
of Kb = λb ∗ τ (λb denotes the background intensity and τ
is the slot time) when only background radiation is observed,
and λzi ∗ τ + Kb when both signal and background are present
[7]. Here, the subscript z refers to the transmitted symbol Z,
whereas the subscript i ∈ {1, 2, . . . , M } identifies the slot
number within the count-vector and λzi denotes the signal
intensity in slot i for transmitted symbol Z. Also, the value
of λzi ∗ τ is donated by Ks if slot i has an optical pulse.
Since, the received counts are independent on each other,
the conditional probability of each count vector k given certain
hypothesis symbol X may be expressed as a product of
individual count probabilities as.
P (k|X) =

M
k
Y
(λxi τ + Kb ) i −(λxi τ +Kb )
e
ki !
i=1

(4)

The maximum likelihood decoding is to compute the
conditional probabilities for all hypothesis symbols and to
select the symbol that results in a maximum conditional
probability for the received count vector. In order to get
the symbol with the maximum conditional probability given
the received count vector, we consider the following two cases:

Case A: Consider two symbols X and Y each contains j
ones, where j ≤ n. The division of their maximum likelihood
probabilities, given a count vector k is received, can be written
as
P (k|X)
P (k|Y )

(λxi τ +Kb )ki −(λxi τ +Kb )
e
i=1
ki !
QM (λyi τ +Kb )ki −(λ τ +Kb )
e yi
i=1
ki !
!ki
λxi τ
M
Y
Kb + 1
λyi τ
i=1
Kb + 1

QM

=

=

(5)

Assuming that symbol X has j ones associated with the
counts kx1 , kx2 , .., kxj whereas symbol Y has j ones associated with the counts k y1 , ky2 , .., kyj . Also, ordering the
received count vector k in a descending order to get the
modified vector k∗ = k 1 , k 2 , .., k n , .., k M then we have
P (k|X)
=
P (k|Y )



Ks
+1
Kb

kx1 +kx2 +..+kxj −ky1 −ky2 −..−kyj
(6)

Clearly, if we select the symbol X such that
kx1 + kx2 + .. + kxj = k 1 + k 2 + .. + k j

(7)

Then P (k|X) > P (k|Y ) for any symbol Y that contains
j ones. To summarize this point: For all symbols that have
j ones, the conditional probability given the received count
vector will be maximized for the symbol that has its ones in
the same positions with the positions of largest j counts in
the received count vector k.

Case B: Consider two symbols X and Y which differ
only in slot l, where X symbol has one and Y symbol has
zero. Thus we have
P (k|X)
P (k|Y )

(λxi τ +Kb )ki −(λxi τ +Kb )
e
ki !
QM (λyi τ +Kb )ki −(λ τ +Kb )
e yi
i=1
ki !

kl
Ks
−Ks

QM

=

i=1

∗e

(8)

Let us define the threshold T h as
Ks

Th = 
s
ln 1 + K
Kb

(9)

=

1+

Kb

Then, P (k|X) > P (k|Y ) if kl > T h. Clearly, from the
mentioned two cases we could set the following optimal
decoding (Maximum Likelihood Decoding) algorithm for the
gradual MPPM scheme.
Algorithm Steps
1) Sort the received photo-counts in a descending order.
2) Decode the first maximum photo-count as one.
3) For i = 2 to n
If (next maximum ≥ T h)
Then: Decode it as one
Else: Decode it and the remaining counts as zeros and
end the algorithm.
4) Decode the remaining M − n slots as zeros.
IV. P ERFORMANCE E VALUATION
In this section we aim at evaluating the error rate for gradual
n-pulse M-PPM. We recall the calculation of SER for the
ordinary n-pulse M-PPM as stated in [8]. For memory-less
channel, without loss of generality, we could assume that the
signal slots of the transmitted symbol occupy the first n slots of
the frame. Then, the probability to decode the received count
vector k correctly is the probability that min(k1 , k2 , .., kn ) ≥
max(kn+1 , .., kM ). If the equality holds, the decoder chooses
randomly among multiple decoding decisions and only one
of them is correct. To compute this probability, let p0 (ki )
and p1 (ki ) denote the count probabilities of slot i in case
of non-signal and signal slot, respectively. Also, let P1 (ki )
and P1 (ki ) denote their cumulative distributions. Furthermore,
assume kmax = max(kn+1 , .., kM ) with l repetitions in the
M − n non-signal slots and m repetitions in the n signal slots
i.e. 1 ≤ l ≤ M − n, 0≤ m ≤ n. Clearly, for any values of l
1
and m, there are l+m
= I(l,m)
different decoding decisions
m
with only one of them is correct. Thus, symbol error rate for
n-pulse M-PPM is given by

SER

=

∞
X

M
−n
X

n
X



M −n
l
p0 (kmax )
l
kmax=0 l=1 m=0
 
M −n−l n
m
∗ P0 (kmax − 1)
p1 (kmax )
m

1−

∗ (1 − P1 (kmax ))

I(l, m)

n−m

(10)

Next we evaluate the SER for the gradual n-pulse M-PPM
for n > 1. However, the case n = 1 (i.e., ordinary PPM)
cannot be considered as a special case of gradual MPPM
and the following analysis cannot be applied, instead it may
be considered as a special case of n-pulse M-PPM with
n = 1. Here, we first evaluate the probability to receive
the transmitted symbols correctly which is denoted by p(c)
and then we evaluate the required SER. However, in our
evaluation of p(c), we must consider the following three
different cases of the transmitted symbols:

Case A: In this case, we consider the transmitted
symbols that contain only one signal slot and the remaining
M − 1 slots are non-signal slots. Considering one of such
symbols which has its signal pulse in the first slot, the
probability to receive this symbol correctly is the probability
that k1 ≥ max(k2 , k3 , .., kM ) and max(k2 , k3 , .., kM ) < T h.
If the first equality holds i.e k1 = max(k2 , k3 , .., kM ), then
there are multiple decoding decisions and only one of them is
correct. To count this, let kmax = max(k2 , k3 , .., kM ) and let
l denote the number of non-signal slots that have this count
value. Here, the decoder chooses randomly one slot out of
l + 1 slots to be decoded as one and other as zeros. Thus, the
1
. Also,
probability to make correct decision is I(l, 1) = l+1

M −1
we have
similar ways corresponding to the number of
l
possible combinations for the remaining M −1 slots. Summing
all the combinations for values of l f rom 1 to M − 1 and
considering the two events m = 0 when k1 > kmax and
m = 1 when k1 = kmax , we obtain the total probability to
receive this symbol correctly as:
p(c)A

=

TX
h−1 M
−1
X
kmax =0 l=1

1
X



M −1
I(l, m)
∗ p0 (kmax )l
l
m=0

∗ P0 (kmax − 1)

M −1−l
1−m

∗ (1 − P1 (kmax ))

(11)

Case B: In this case, we compute the probability of correct transmission for symbols that contain a number of signal
slots i that is greater than one and less than n (1 < i < n).
Without loss of generality, we consider one of such symbols,
which has its pulses in the first i slots and the remaining
M − i slots are non-signal slots. The decoding decision is
made correctly only if (k1 , k2 , .., ki ≥ T h > ki+1 , .., kM ).
Therefore, the probability to decode this symbol correctly is
given by

(12)

Case C: In this case, we compute the probability of
correct transmission for the symbols that contain n signal
slots. Considering one of such symbols which has its pulses
in the first n slots and the remaining M − n slots are nonsignal slots, the decoding decision is made correctly for this
symbol only when min(k1 , k2 , .., kn ) ≥ max(kn+1 , .., kM )
and min(k1 , k2 , .., kn ) ≥ T h. However, if the second equality
holds, multiple decisions could be made and only one of
them is correct. To consider these possibilities, let kmin =
min(k1 , k2 , .., kn ). Also, let l and m denote the number of
signal slots and non-signal slots that have this count value,
respectively i.e., 0 ≤ l ≤ M − n and 1 ≤ m ≤ n. Here, the
decoder chooses randomly m slots out of l + m possible slots
1
.
with probability of correct selection equals to I(l, m) = l+m
( l )


n
M −n
Also, there are m ∗
different ways corresponding to
l
the number of possible combinations for each value of l and
m. Summing all the combinations for values of m from 1 to
M − n and values of l from 1 to n, we obtain the probability
of correction decoding for this symbol as:
p(c)c

=

∞
X

M
−n
X

n
X



M −n
I(l, m)
l
kmin =T h l=0 m=1
 
M −n−l n
m
∗ P0 (kmin − 1)
p1 (kmin )
m
n−m

∗ (1 − P1 (kmin ))

(13)

Finally, the total probability of correct symbol transmission
for gradual n-pulse M-PPM can be evaluated as the average
probability of the correct decoding over all the transmitted
symbols and thus the SER is given by:
SER

=
=

m

p1 (kmax )

M −i

i

p(c)Bi = [1 − P1 (T h − 1)] ∗ [P0 (T h − 1)]

1 − p(c)
 
M
1 − Pn
∗ p(c)A
 ∗[
M
1
j=1 j
 
n−1
X M 
M
+
∗ p(c)Bi +
∗ p(c)C ] (14)
i
n
i=2
1

V. N UMERICAL R ESULTS
In this section we compare the performance of the proposed
gradual n-pulse M-PPM to ordinary n-pulse M-PPM in terms
of the average symbol error rate, average received power
and peak received power. To clarify the comparison, we
use same frame size M and same slot duration τ for both
schemes resulting in same frame rate. The simulations are

Fig. 3: Symbol error rate at M = 8

Fig. 4: Symbol error rate at M = 16

carried for two values of the frame size, namely M = 8
and M = 16. For the case M = 8, in order to achieve near
the same number of transmission symbols for both schemes,
the compared schemes are chosen to be 4-pulse 8-PPM (with
number of signal pulses per frame nM = 4) and gradual
3-pulse 8-PPM (with maximum number of signal slots per
frame nG = 3). In this selection the number of available
symbols in 4-pulse 8-PPM scheme is 70 symbols while in
gradual 3-pulse 8-PPM scheme, the number of the available
symbols for transmission is 92 symbols. Clearly, gradual 3pulse 8-PPM achieves much more transmission capacity than
4-pulse 8-PPM which represents another advantage in their
comparison. For the case, M = 16 we choose 8-pulse 16-PPM
and gradual 6-pulse 16-PPM schemes to compare. Clearly, the
numbers of symbols available for transmission per frame for
these modulations are 12870 and 14892 symbols, respectively,
which add an extra advantage of the gradual scheme.
Furthermore, the background radiations (noise photons) are
considered in the carried evaluations by the mean of average
number of the received background photons per slot Kb . The
simulations are performed at two noise levels which are Kb =
1 and Kb = 5.
On the other side, in terms of the received optical power, the
comparisons are performed under average power constraint.
This constraint is usually imposed in the case where the
transmitter has limited power resources. That is, the transmitter
has a bound on the number of emitted photons per transmitting
frame. These cases rise for FSO systems working on solar
energy and space optical communications between spacecrafts.
Clearly, the modulation scheme that achieves higher performance at the same average energy level is highly desired in
this case.
To minimize the compared parameters, we fix the frame size
for both schemes.Thus, the average power comparison can be
replaced by the average number of received photons per frame
Kav . The relation between the average number of the received
photons per frame Kav and the signal slot photons Ks are
different for the two schemes.

For n-pulse M-PPM the average number of the received
photons per symbol KavM is given by
KavM = KsM ∗ nM

(15)

For gradual n-pulse M-PPM the average number of the
received photons KavG is given by

PnG
KsG ∗ i=1
i ∗ Mi
KavG =
(16)
PnG M 
i=1

i

For equal average power constraint we have KavM =
KavG . Figures 3 and 4 show the first group of comparison,
where we evaluate the performance of the proposed gradual
n-pulse M-PPM scheme with the performance achieved by
n-pulse M-PPM scheme in terms of received symbol error
rate versus average number of the received photons per frame
as given by (10) and (14). The results for the case M = 8
are shown in fig. 3, which carry the comparison between
two specific schemes: 4-pulse 8-PPM and gradual 3-pulse 8PPM. Obviously, as mentioned before, the gradual scheme
achieves higher bandwidth utilization than that of the ordinary
one. Figure 3 indicates the out-performance of the proposed
schemes in achieving less SER at different values of average
received photons per frame Kav .
The comparisons are carried at two values of the background
noise Kb = 1 and Kb = 5. Also, the figure indicates better
performance of the proposed scheme at larger background
noise. Specifically, at Kav = 40 photons the gradual n-pulse
M-PPM achieves 6 dB reduction in SER at Kb = 1 and
a reduction of 8 dB at Kb = 5. This large reduction in
SER at higher Kb levels makes the gradual scheme noise
robust. For the case M = 16 as indicated in Fig. 4, the
comparison is carried between two modulation schemes which
are 8-pulse 16-PPM and gradual 6-pulse 16-PPM. Again, this
selection achieves nearly same bandwidth utilization for both
schemes with an advantage to the gradual one. The figure
emphasizes the superior performance of the proposed gradual
scheme over the ordinary one. Furthermore, this performance
gab is increased by increasing the level of background noise.

Fig. 5: Ks at M = 8

Fig. 6: Ks at M = 16

VI. C ONCLUSION
This could be interpreted as: at the same average number of
received photons per frame Kav , the pulse power in gradual
scheme is much higher than pulse power in ordinary scheme
which in turn causes the gradual scheme to perform much
better in noisy channels.
The analysis of the achieved symbol error rate performance
is explained further by the second group of figures, Figs. 5
and 6. These figures indicate the effect of the average number
of received photon per frame Kav (which represents a metric
for the average power) on the number of received photons in
signal slot Ks (which represents a metric for the peak power).
Obviously, in the gradual schemes, the average number of
signal slots per frame is much less than the number of signal
slots per frame in ordinary MPPM schemes with the same
frame sizes. This fact along with transmitting the same average
number of photons per frame (Kav ) introduce a noticeable
increase in the number of received photons per signal slot
(Ks ) for the gradual schemes than that of the ordinary ones.
Consequently, with the same background noise levels, i.e.,
same values of Kb , the detection of the gradual schemes
symbols is less erroneous than that of the ordinary MPPM
schemes. However, this performance enhancement comes with
the price of noticeable increasing in peak power levels, which
may not be desirable for both transmitter amplifier saturation
and safety regulations.
Numerically, as indicated in Figs. 5 and 6, for the same
average received power, the gradual n-pulse M-PPM schemes
cause the number of received photons per signal slot Ks and
consequently the peak power to increase linearly with about
one and half the increasing rate of the ordinary schemes.
However, this increasing rate may limit the performance
achieved by the gradual schemes to values lower than that
achieved by the ordinary schemes in case the same maximum
peak power level is used.

A new modulation scheme, gradual n-pulse M-PPM, of the
family of pulse position modulations is proposed for optical
communications. The proposed scheme achieves much higher
bandwidth utilization efficiency than that of the ordinary
MPPM scheme. On a discrete memory-less channel, the maximum likelihood decoding criteria for the proposed scheme is
derived resulting in a simple and fast decoding algorithm. The
performance measure of the proposed scheme in terms of exact
symbol error rate is obtained. Intensive numerical evaluations
are performed to compare the performance achieved by the
proposed gradual scheme to the performance of ordinary
MPPM scheme. The comparisons are carried under average
power constraint at nearly the same transmission rates. The
results indicate the superior performance of the proposed
gradual scheme under that constraint.
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