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a b s t r a c t

We investigate the performance of hybrid 𝐿-ary quadrature-amplitude modulation-multi-pulse pulse-position
modulation (𝐿QAM-MPPM) techniques over exponentiated Weibull (EW) fading free-space optical (FSO)
channel, considering both weather and pointing-error effects. Upper bound and approximate-tight upper bound
expressions for the bit-error rate (BER) of 𝐿QAM-MPPM techniques over EW FSO channels are obtained,
taking into account the effects of fog, beam divergence, and pointing-error. Setup block diagram for both the
transmitter and receiver of the 𝐿QAM-MPPM/FSO system are introduced and illustrated. The BER expressions
are evaluated numerically and the results reveal that 𝐿QAM-MPPM technique outperforms ordinary 𝐿QAM and
MPPM schemes under different fading levels and weather conditions. Furthermore, the effect of modulation-index
is investigated and it turned out that a modulation-index greater than 0.4 is required in order to optimize the
system performance. Finally, the effect of pointing-error introduces a great power penalty on the 𝐿QAM-MPPM
system performance. Specifically, at a BER of 10−9, pointing-error introduces power penalties of about 45 and
28 dB for receiver aperture sizes of 𝐷𝑅 = 50 and 200 mm, respectively.

1. Introduction

The importance of free-space optical (FSO) communications has
increased recently because it is a very promising way of providing high
speed, large capacity, and cost effective wireless data transmission [1].
However, the performance of FSO communications systems is highly
affected by atmospheric conditions. One of the main phenomena that
affects the performance of FSO systems is the atmospheric turbulence or
scintillation, which results from inhomogeneities in the temperature and
pressure of the atmosphere [2]. It leads to random fluctuations in both
amplitude and phase of the received optical signal, due to variations in
the refractive index, which degrade the system performance. In addition,
fog and pointing-error have high degradation effect on the received
optical beams [3,4].

Several statistical distributions have been assumed to characterize
the atmospheric turbulence in literature. The widely accepted distri-
butions are log-normal (LN), gamma–gamma (GG), and exponentiated
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Weibull (EW) models. Experimental studies support the fact that LN
model is valid in weak turbulence regime for a point receiver and works
well in all regimes of turbulence for aperture averaged data [5,6]. GG
model is accepted to be valid in all turbulence regimes for a point
receiver, nevertheless, this does not hold when aperture averaging takes
place [7,5,8]. On the other hand, EW distribution offers an excellent
matching with the simulation and experimental data under all aperture
averaging conditions and different turbulent conditions [9]. Therefore,
in this paper, we use EW distribution to characterize different channel
effects on FSO transmission systems. An even more realistic scenario is
considered in this paper, where the effects of fog, beam divergence, and
pointing-error are taken into consideration.

In recent years, superimposing different modulation techniques to
improve both power and spectral efficiencies simultaneously have been
proposed [10–20]. Liu et al. have introduced a new modulation for-
mats based on combining 𝑀-ary pulse-position modulation (𝑚-PPM)
or 𝑀-ary frequency-shift keying (𝑚-FSK) with additional polarization

https://doi.org/10.1016/j.optcom.2018.01.061
Received 23 November 2017; Received in revised form 22 January 2018; Accepted 30 January 2018
0030-4018/© 2018 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.optcom.2018.01.061
http://www.elsevier.com/locate/optcom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.optcom.2018.01.061&domain=pdf
mailto:eng.h.khallaf@gmail.com
mailto:abdulaziz.elfiqi@ieee.org
mailto:shalaby@ieee.org
mailto:sampei@comm.eng.osakau.ac.jp
mailto:sobayya@zewailcity.edu.eg
https://doi.org/10.1016/j.optcom.2018.01.061


H.S. Khallaf et al. Optics Communications 416 (2018) 41–49

and/or phase modulation [10]. Hybrid modulation techniques, based
on polarization-switched quadrature phase-shift keying (PS-QPSK) and
polarization-division multiplexing quadrature phase-shift keying (PDM-
QPSK) superimposed on pulse-position modulation (PPM) have been
proposed in [11–13]. Hybrid modulation techniques, based on com-
bining multiple-pulse pulse-position modulation (MPPM) with binary
phase-shift keying (BPSK) and quadrature-phase shift keying (QPSK),
have been introduced in [14,15]. A hybrid modulation technique, based
on both orthogonal frequency-division multiplexing and pulse-position
modulation OFDM-PPM, has been proposed in [16]. In [17], quadrature-
amplitude modulation on top of multiple-pulse pulse-position modula-
tion (QAM-MPPM) has been introduced. A hybrid differential phase-
shift keying-multi-pulse pulse position modulation (DPSK-MPPM) tech-
nique is proposed and investigated in [18]. In [19,20], the maximum
achievable power efficiencies of 𝐿QAM-MPPM techniques under spec-
tral efficiency constraints are investigated and it is revealed that 𝐿QAM-
MPPM is the most power efficient scheme.

In [2], we have investigated the performance of FSO systems
adopting MPPM under gamma–gamma fading channel. In [21,22],
analytical mathematical expressions have been derived for BER and
outage probability of both QAM and PSK-OFDM radio-on-FSO system,
considering fading effect, which has been modeled by a gamma–gamma
distribution. In [23], Wang et al. have derived approximate expressions
for symbol-error rate ( SER) of MPPM under EW distribution. However,
the pointing-error have not been considered in their paper. In addition,
they have neglected the effects of both fog and beam divergence.
In [17,24], we have investigated the performance of a hybrid QAM-
MPPM system under both turbulence-free and turbulent gamma–gamma
channels. We extend this work here by considering EW distribution to
study the effect of aperture averaging on system performance, which
is not available with GG distributions. In addition, effects of fog, beam
divergence, and pointing-error are considered, which represents a more
realistic scenario compared with that in [17,24].

In this paper, we aim at deriving upper bound and approximate
upper bound expressions for the average BER of hybrid 𝐿QAM-MPPM
over EW fading FSO transmission channel, taking into account the
effects of fog, beam divergence, and pointing-error. In order to formulate
these expressions, Upper bound and approximate upper bound formulas
are derived for both ordinary MPPM and QAM schemes. The obtained
expressions for average BER of hybrid 𝐿QAM-MPPM scheme are used
to investigate and compare its performance with that of ordinary mod-
ulation schemes for different aperture sizes, fading levels, and weather
conditions. In addition, the analysis and investigation are extended to
include the pointing-error effect on our 𝐿QAM-MPPM/FSO transmission
system. Furthermore, the effect of both modulation-index on our system
is investigated. Moreover, an illustration for the setup block diagram of
𝐿QAM-MPPM/FSO system is proposed and explored.

The rest of the paper is organized as follows. In Section 2, a setup
block diagram of 𝐿QAM-MPPM/FSO transmission system is illustrated.
A mathematical model of EW fading channel for FSO is developed
in same section. Section 3 is devoted for mathematical analysis of
FSO systems over EW fading channels considering fog and beam
divergence. In Section 4, BER expressions of the 𝐿QAM-MPPM/FSO
transmission system, considering fading and pointing-error, are derived.
Our numerical results are given in Section 5, where the obtained BER
expressions are used to investigate proposed system performance under
different weather conditions, fading levels, and pointing-error. Finally,
the conclusion is given in Section 6.

2. 𝑳QAM-MPPM/FSO system and FSO channel model

In this section, we describe in details the setup block diagram and
operation of 𝐿QAM-MPPM/FSO transmission system. In addition, we
develop a mathematical model for EW distribution in FSO transmission
channels.

2.1. 𝐿QAM-MPPM system setup

The basic schematic block diagrams of both the transmitter and
receiver of an 𝐿QAM-MPPM scheme are shown in Fig. 1. At the
transmitter side, a frame of
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+𝑤𝑚 bits is fed to the transmitter
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of 𝐿QAM technique. The T-SPU manipulates these bits to control the
operation of both 𝐿QAM and DC-Bias level.
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(MPPM data-
word part) bits are manipulated to define the position of 𝑤 signal-slots
in 𝑁 time-slots frame length. This control signal will control the ON and
OFF operation of both the DC-Bias and the 𝐿QAM modulator. This data
manipulation produces a control signal that decodes 𝑤𝑚 bits (𝐿QAM
data-word part) in the 𝑤 signal time-slots. The output of the 𝐿QAM
modulator is added to the output of DC-biasing source and used to
lighten up the laser diode (LD). This output optical signal power for
the 𝑖th time-slot is expressed as:

𝑃𝑖(𝑡) =
𝑁
𝑤

𝑃
[

1 +𝑀𝐷𝑖(𝑡)
]

𝐵𝑖(𝑡) rect𝜏 (𝑡 − 𝑖𝜏) , (1)

where 𝑃 is the average launch optical power, 𝑁
𝑤 𝑃 is the instantaneous

transmitted optical power in signal time-slot, 𝑀 is the modulation-
index, and 𝜏 is the time-slot duration. 𝐷𝑖(𝑡) is the 𝐿QAM symbol
which consists of both in-phase, 𝑟𝐼 , and quadrature-phase, 𝑟𝑄, signal
components around a carrier frequency of 𝑓𝑐 [25]. 𝐵𝑖(𝑡) = 1 for signal
time-slots, while for non-signal time-slots 𝐷𝑖(𝑡) = 𝐵𝑖(𝑡) = 0, and rect(⋅)
is the rectangular function, defined as:

rect𝜏 (𝑡)
def
=

{

1; 0 ≤ 𝑡 ≤ 𝜏,
0; otherwise. (2)

This optical signal is directed through FSO channel and suffers from both
scintillation and fog effects. At the receiver side, the output current of
the photodetector (PD) can be written as:

𝑦𝑖(𝑡) = 𝐼𝑝ℎ(𝑡)
[

1 +𝑀𝐷𝑖(𝑡)
]

𝐵𝑖(𝑡) rect𝜏 (𝑡 − 𝑖𝜏) + 𝑛(𝑡), (3)

where 𝑛(𝑡) is Gaussian noise with variance 𝜎2𝑛 and 𝐼𝑝ℎ(𝑡) = (𝑁∕𝑤)𝑃𝐻 .
Here,  denotes the photodiode’s responsivity and 𝐻 denotes the FSO
channel response. This output signal is band-limited using a band-pass
filter (BPF) to remove the out-band noise and distortion in order to
improve the required received signal quality. Next, the band-limited
signal is fed into two arms through the 3 dB coupler.

On the upper-arm (MPPM demodulator), the signal is integrated
over each time slot, 𝜏, and fed to the receiver signal-processing unit (R-
SPU). In R-SPU, the output of the integrator is digitized, using analog-to-
digital converter (ADC), and stored. The 𝑁 stored levels are sorted in a
descending order to decide the 𝑤 highest-levels which are corresponding
to the signal time-slots of the MPPM symbol. After that, the R-SPU
decodes the MPPM symbols based on MPPM symbols-to-bits map.

On the other-arm (𝐿QAM demodulator), the decoding of the 𝐿QAM
data is performed after a fixed delay-line of two-frames time duration.
This delay introduces sufficient time for the R-SPU to determine the
position of the 𝑤 highest level time-slots. These 𝑤 time-slots contain the
𝑤 𝐿QAM symbols. The mixers with low-pass filters (LPFs) are used to
obtain the in-phase, 𝑟𝐼 , and quadrature-phase, 𝑟𝑄, signal components.
Then, the positions of 𝑤 highest-level time-slots determine the expected
time-slots to find 𝐿QAM symbols. After that, the R-SPU decodes the
selected 𝐿QAM symbols based on 𝐿QAM symbols-to-bits map. Finally,
the received data words are reconstructed from the decoded MPPM and
𝐿QAM bits.

2.2. FSO transmission channel model

According to [9], the turbulence gain ℎ is well described by exponen-
tiated Weibull (EW) distribution, where its probability density function

42



H.S. Khallaf et al. Optics Communications 416 (2018) 41–49

Fig. 1. Block diagram of FSO transmission system adopting 𝐿QAM-MPPM modulation technique. LD: Laser Diode, PD: Photo Detector, LPF: Low Pass Filter, BPF:
Band Pass Filter, ED: Electronic Delay, DC: Direct Current, I: I- channel signal, Q: Q channel signal, T(R)-SPU: Transmitter (Receiver) Signal Processing Unit. The
time domain signal sketch (𝑖𝑖) of a transmitted 𝐿QAM-MPPM frame with (𝐿 = 4, 𝑁 = 8 and 𝑤 = 4) and (𝑖) is the bits stream in one frame.

( pdf) and cumulative distribution function ( CDF) are given as follows:

𝑓ℎ(ℎ; 𝛽, 𝜂, 𝛼) =
𝛼𝛽
𝜂

(

ℎ
𝜂

)𝛽−1
exp

(

−
(

ℎ
𝜂

)𝛽
)

×

[

1 − exp

(

−
(

ℎ
𝜂

)𝛽
)]𝛼−1

, (4)

𝐹ℎ(ℎ; 𝛽, 𝜂, 𝛼) =

[

1 − exp

(

−
(

ℎ
𝜂

)𝛽
)]𝛼

, (5)

respectively, where 𝛼 > 0 is an extra shape parameter that is strongly
dependent on the receiver aperture size, 𝛽 > 0 is a shape parameter that
is related to the scintillation index 𝜎2𝐼 , and 𝜂 > 0 is a scale parameter
that depends on both 𝛼 and 𝛽. The expressions for 𝛼, 𝛽, and 𝜂 are given
as [26]:

𝛼 ≈ 3.931
(

𝐷𝑅
𝜌𝑜

)−0.519
, 𝛽 ≈

(

𝛼𝜎2𝐼
)

−6
11 , 𝜂 = 1

𝛼𝛤 (1 + 1
𝛽 )𝑔(𝛼, 𝛽)

, (6)

respectively, where 𝜌𝑜 = (1.46𝐶2
𝑛 (2𝜋∕𝜆)

2𝐿𝑝)−3∕5 is the atmospheric
coherence radius, 𝜆 is the transmission wavelength, 𝐿𝑝 is the FSO link
length, 𝐶2

𝑛 is the refractive-index structure constant. Furthermore, 𝐷𝑅 is
the aperture diameter, 𝛤 (⋅) is the gamma function and 𝑔(𝛼, 𝛽) is defined
as:

𝑔(𝛼, 𝛽) =
∞
∑

𝑖=0

(−1)𝑖(𝑖 + 1)−(1+𝛽)∕𝛽𝛤 (𝛼)
𝑖!𝛤 (𝛼 − 𝑖)

. (7)

3. Performance analysis considering fog and beam divergence

The FSO channel response 𝐻 includes different weather effects such
as turbulence gain ℎ, fog attenuation, and beam divergence attenuation.
It can be expressed as:

𝐻 = 𝜉ℎ, (8)

where 𝜉 = 𝜉𝑛(𝐿𝑝)∕𝜉𝑑 (𝐿𝑝) is the normalized path-loss coefficient with
respect to the path-loss of direct link in clear weather conditions
𝜉𝑑 (𝐿𝑝). 𝜉𝑛(𝐿𝑝) = 10−(𝑈𝐿𝑝∕10)[𝐷2

𝑅∕(𝐷𝑇 + 𝜃𝑇𝐿𝑝)2], where 𝐷𝑅 and 𝐷𝑇
are the receiver and transmitter aperture diameters, respectively, 𝑈 is
the weather dependent attenuation coefficient (in dB/km), and 𝜃𝑇 is
the optical beam-divergence angle (in mrad). It is clear that 𝜉𝑛(𝐿𝑝) is
calculated by combining weather attenuation with geometric losses [27–
29]. Furthermore, the instantaneous signal-to-noise ratio 𝛾, including
channel effects, can be defined as [30]:

𝛾 =
(𝑁
𝑤

)2 (𝑃)2

𝜎2𝑛
𝐻2 =

(𝑁
𝑤

)2
𝐻2𝛾̂ , (9)

where 𝛾̂ is the average signal-to-noise ratio ( SNR). By making simple
transformation of the random variable in both (4) and (5), we get the pdf
and CDF expressions of 𝛾 as follows:

𝑓𝛾 (𝛾; 𝛽, 𝜂, 𝛼) =
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, (10)

𝐹𝛾 (𝛾; 𝛽, 𝜂, 𝛼) =
⎡

⎢

⎢

⎣

1 − exp
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−
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𝛾
)

𝛽
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𝛼

, (11)

respectively. By applying Newton’s generalized-binomial theorem [31]:

(1 + 𝑧)𝑟 =
∞
∑

𝑗=0

𝛤 (𝑟 + 1)𝑧𝑗

𝑗!𝛤 (𝑟 − 𝑗 + 1)
(12)

and expressing the exponential function in terms of MeijerG func-
tion [32], where exp(𝑥) = G1,0

0,1

(

−𝑥||
|

−

0

)

, the last pdf and CDF expressions
can be written as:

𝑓𝛾 (𝛾; 𝛽, 𝜂, 𝛼) =
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𝐹𝛾 (𝛾; 𝛽, 𝜂, 𝛼) = 𝛤 (𝛼 + 1)
∞
∑

𝑗=0

(−1)𝑗

𝑗!𝛤 (𝛼 − 𝑗 + 1)
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−
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,

(14)

respectively.

3.1. BER expressions

The BER of the 𝐿QAM-MPPM scheme is the average of the BERs of
both 𝐿QAM and MPPM schemes and is given as [10]:

BER =
log2

(𝑁
𝑤

)

log2
(𝑁
𝑤

)

+𝑤𝑚
BERMPPM + 𝑤𝑚

log2
(𝑁
𝑤

)

+𝑤𝑚

×
(

BER𝐿QAM

(

1 − SERMPPM

)

+
SERMPPM

2

)

, (15)

where BER𝐿QAM is the bit-error rate of ordinary 𝐿QAM and SERMPPM is
the symbol-error rate of the ordinary MPPM scheme. The first term in
(15) accounts for bit-error rate that occurs in the group of

⌊

log2
(𝑁
𝑤

)

⌋
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bits transmitted using MPPM. The second term represents the bit-error
rate of the remaining 𝑤𝑚 bits and it consists of two parts. The first part
considers the case when the MPPM signal-slots are correctly decoded,
while the other part considers the case of incorrect decoding of MPPM
signal-slots. The SERMPPM and BER𝐿QAM are given as [2,17]:

SERMPPM(𝛾) ≤

(𝑁
𝑤

)

− 1

2
erfc

⎛

⎜

⎜

⎝

√

𝛾
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log2

(

𝑁
𝑤

)

⎞

⎟

⎟

⎠

, (16)

BER𝐿QAM(𝛾) = 2
𝑚

×
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𝑖=1
erfc

⎛
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⎝

(2𝑖 − 1)
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3𝑀2𝛾
4(𝐿 − 1)

⎞

⎟

⎟

⎠

; for even 𝑚,

erfc
⎛

⎜

⎜

⎝

√

3𝑀2𝛾
4(𝐿 − 1)

⎞

⎟

⎟

⎠

; for odd 𝑚,

(17)

respectively. Furthermore, the relation between BERMPPM and SERMPPM
is given as [24]:

BERMPPM ≤ (2)
⌊

log2(𝑁𝑤)
⌋

−1

(2)
⌊

log2(𝑁𝑤)
⌋

− 1
SERMPPM. (18)

The next subsections are devoted for obtaining upper bound and approx-
imate upper bound expressions for both BER𝐿QAM and SERMPPM under
EW fading FSO channel in order to evaluate the overall BER of (15) over
turbulent FSO transmission channel.

3.2. Upper bound BER expressions

In this subsection, an expression for the upper bound BER of 𝐿QAM-
MPPM scheme is derived based on MeijerG function. Using erfc(𝑥) =
1
√

𝜋
G2,0
1,2

(

𝑥2||
|

1

0, 0.5

)

[32], the SERMPPM in (16) can be rewritten as follows:

SERMPPM(𝛾) ≤

(𝑁
𝑤
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2
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1,2

(

𝛾log2
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1

0, 0.5

)

. (19)

The average SER is obtained by averaging of SERMPPM(𝛾) in (19)
over the pdf in (13) with respect to the instantaneous signal-to-noise
ratio 𝛾. Thus, based on the general integration form of the MeijerG
function [32], the average SERMPPM is obtained by:

SERMPPM = ∫

∞

0
SERMPPM(𝛾)𝑓𝛾 (𝛾; 𝛽, 𝜂, 𝛼)d𝛾, (20)

SERMPPM ≤
((

𝑁
𝑤

)

− 1
)

𝛼𝛽𝛤 (𝛼)(𝑤∕𝑁)𝛽

4
√

𝜋
(

𝛾̂𝜂2𝜉2
)
𝛽
2

∞
∑

𝑗=0

(−1)𝑗

𝑗!𝛤 (𝛼 − 𝑗)

× ∫

∞

0
𝛾 (

𝛽
2 −1)G2,0

1,2

(

𝛾log2
(𝑁
𝑤

)

4𝑁

|

|

|

|

|

1

0, 0.5

)

× G1,0
0,1

(

(1 + 𝑗)
(

𝛾
𝛾̂𝜂2𝜉2

)
𝛽
2 |
|

|

|

|

−

0

)

𝑑𝛾. (21)

Thus, closed-form expression for the SERMPPM is expressed as (22)
in Box I where 𝑙 and 𝑘 are integers with 𝑙

𝑘 = 𝛽
2 and 𝛥(𝑏, 𝑎) =

𝑎
𝑏 ,

𝑎+1
𝑏 ,… , 𝑎+𝑏−1𝑏 . Similarly, by expressing the erfc(⋅) in (17) with

MeijerG function expression and averaging the result expression of
BER𝐿QAM(𝛾) over the pdf in (13) with respect to the instantaneous
signal-to-noise ratio 𝛾, average BER𝐿QAM of 𝐿QAM scheme can be
expressed as (23) in Box I.

The average BER of the hybrid 𝐿QAM-MPPM scheme under EW fad-
ing FSO channel considering both fog and beam divergence attenuations
can be evaluated by substituting (22) and (23) in (15).

3.3. Approximate BER expressions

Due to the computation complexity of upper bound BER expressions
obtained in previous subsection, Gauss–Laguerre quadrature rule is
used to get low-computational approximate expressions for average BER
of hybrid 𝐿QAM-MPPM scheme. First, we express the average of
SERMPPM(𝛾) as follows [33]:

SERMPPM = − ∫

∞

0

d SERMPPM(𝛾)
d𝛾

𝐹𝛾 (𝛾; 𝛽, 𝜂, 𝛼)d𝛾, (24)

SERMPPM ≤∫

∞

0

(

(𝑁
𝑤

)

− 1
)

4

√

√

√

√

log2
(𝑁
𝑤

)

𝜋𝛾𝑁
exp

(

−
𝛾log2

(𝑁
𝑤

)

4𝑁

)

×
⎡

⎢

⎢

⎣

1 − exp
⎛

⎜

⎜

⎝

−
(

(𝑤∕𝑁)2

𝛾̂𝜂2𝜉2
𝛾
)

𝛽
2 ⎞
⎟

⎟

⎠

⎤

⎥

⎥

⎦

𝛼

d𝛾. (25)

By performing change of variable 𝑧 = 𝛾log2
(𝑁
𝑤

)

∕(4𝑁), (25) can be
rewritten as:

SERMPPM ≤∫

∞

0

(

(𝑁
𝑤

)

− 1
)

2
√

𝜋𝑧
exp (−𝑧)

×
⎡

⎢

⎢

⎣

1 − exp
⎛

⎜

⎜

⎝

−

(

4𝑁(𝑤∕𝑁)2

𝛾̂𝜂2𝜉2log2
(𝑁
𝑤

)
𝑧

)
𝛽
2 ⎞
⎟

⎟

⎠

⎤

⎥

⎥

⎦

𝛼

d𝑧. (26)

Using generalized Gauss–Laguerre quadrature rule [34], (26) can be
accurately approximated in the form of a truncated series:

SERMPPM ≤
𝑆
∑

𝑖=1

(

(𝑁
𝑤

)

− 1
)

2
√

𝜋𝑉𝑖
𝛬𝑖

×
⎡

⎢

⎢

⎣

1 − exp
⎛

⎜

⎜

⎝

−

(

4𝑁(𝑤∕𝑁)2

𝛾̂𝜂2𝜉2log2
(𝑁
𝑤

)
𝑉𝑖

)
𝛽
2 ⎞
⎟

⎟

⎠

⎤

⎥

⎥

⎦

𝛼

, (27)

where 𝑆 > 1 denotes the number of terms, and for any 𝑖 ∈ {1, 2,… , 𝑆},
𝑉𝑖 is the 𝑖th root of Laguerre polynomial 𝐿𝑆 (𝑋) with degree 𝑆, and 𝛬𝑖 is
the corresponding weighting coefficient. Applying the same procedure,
an approximate expression for the average BER𝐿QAM(𝛾), with respect to
instantaneous signal-to-noise ratio 𝛾, can be obtained as (28) in Box II.
Finally, approximate expression for BER𝐿QAM-MPPM of the hybrid scheme
is formulated by substituting (27) and (28) in (15).

4. Performance analysis considering pointing-error

In last section, both upper bound and approximate upper bound
expressions have been derived for average BER of an IM/DD FSO
system adopting hybrid 𝐿QAM-MPPM technique under exponentiated
Weibull fading channels considering attenuations due to fog and beam
divergence. In this section, the BER analysis is extended to include the
impact of pointing-error (misalignment) under exponentiated Weibull
turbulence. Neglecting path loss, the channel response 𝐻 is composed
of two independent random processes, namely, the pointing-error ℎ𝑝
and atmospheric turbulence fading ℎ. That is, 𝐻 = ℎℎ𝑝. The pointing-
error ℎ𝑝 has been modeled as the result of considering independent
identical Gaussian distributions, with variance 𝜎2𝑠 , for both the elevation
and horizontal displacement [26]. Therefore, the statistical model of the
pointing-error fading is assumed to be [4,26]:

𝑓ℎ𝑝 (ℎ𝑝) =
𝛿2

𝐴𝛿2
𝑜

ℎ𝛿
2−1

𝑝 ; 0 ≤ ℎ𝑝 ≤ 𝐴𝑜, (29)

where 𝐴𝑜 = (erf(𝑣))2, 𝑣2 = 𝜋𝑎2

2𝑊 2
𝑏

, 𝑎 is the radius of the receiver, 𝑊𝑏 is

the beam radius at the receiver plane, and 𝛿 =
𝑊𝑏𝑒𝑞
2𝜎𝑠

is the ratio between
the equivalent beam radius and the pointing-error jitter at the receiver,
with 𝑊 2

𝑏𝑒𝑞
=

√

𝜋𝑊 2
𝑏 erf(𝑣)

2𝑣 exp(−𝑣2) . By applying the standard statistical procedures,
the statistical distribution of the overall channel response, 𝑓𝐻 (𝐻), is
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SERMPPM ≤
((

𝑁
𝑤

)

− 1
)

(

4𝑁(𝑤∕𝑁)2

𝛾̂log2
(𝑁
𝑤

)

𝜂2𝜉2

)
𝛽
2 𝛼𝛽𝛤 (𝛼)𝑘0.5𝑙(

𝛽
2 −1)

4
√

𝜋(2𝜋)0.5(𝑙+𝑘)−1

∞
∑

𝑗=0

(−1)𝑗

𝑗!𝛤 (𝛼 − 𝑗)
G𝑘,2𝑙
2𝑙,𝑘+𝑙

⎛

⎜

⎜

⎝

(

1 + 𝑗
𝑘

)𝑘
(

4(𝑤∕𝑁)2𝑁𝑙

log2
(𝑁
𝑤

)

𝛾̂𝜂2𝜉2

)𝑙
|

|

|

|

|

𝛥(𝑙,1− 𝛽
2 ), 𝛥(𝑙,0.5−

𝛽
2 )

𝛥(𝑘,0), 𝛥(𝑙,− 𝛽
2 )

⎞

⎟

⎟

⎠

, (22)

BER𝐿QAM =
𝑘0.5𝑙(

𝛽
2 −1)𝛼𝛽𝛤 (𝛼)

𝑚
√

𝜋(2𝜋)0.5(𝑙+𝑘)−1

(

4(𝑤∕𝑁)2(𝐿 − 1)
3𝛾̂𝜂2𝜉2𝑀2

)

𝛽
2 ∞
∑

𝑗=0

(−1)𝑗

𝑗!𝛤 (𝛼 − 𝑗)

×

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

√

𝐿∕2
∑

𝑖=1

1
(2𝑖 − 1)𝛽

G𝑘,2𝑙
2𝑙,𝑘+𝑙

⎛

⎜

⎜

⎝

(

1 + 𝑗
𝑘

)𝑘( 4(𝑤∕𝑁)2(𝐿 − 1)𝑙
3(2𝑖 − 1)2𝛾̂𝜂2𝜉2𝑀2

)𝑙
|

|

|

|

|

𝛥(𝑙,1− 𝛽
2 ), 𝛥(𝑙,0.5−

𝛽
2 )

𝛥(𝑘,0), 𝛥(𝑙,− 𝛽
2 )

⎞

⎟

⎟

⎠

; for even 𝑚,

G𝑘,2𝑙
2𝑙,𝑘+𝑙

⎛

⎜

⎜

⎝

(

1 + 𝑗
𝑘

)𝑘(4(𝑤∕𝑁)2(𝐿 − 1)𝑙
3𝛾̂𝜂2𝜉2𝑀2

)𝑙
|

|

|

|

|

𝛥(𝑙,1− 𝛽
2 ), 𝛥(𝑙,0.5−

𝛽
2 )

𝛥(𝑘,0), 𝛥(𝑙,− 𝛽
2 )

⎞

⎟

⎟

⎠

; for odd 𝑚.

(23)

Box I.

BER𝐿QAM = 2
𝑚
√

𝜋

𝑆
∑

𝑗=1

𝛬𝑗
√

𝑉𝑗

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

(

1 − 1
√

𝐿

)

√

𝐿∕2
∑

𝑖=1

⎡

⎢

⎢

⎣

1 − exp
⎛

⎜

⎜

⎝

−
(

4(𝐿 − 1)(𝑤∕𝑁)2

3𝑀2(2𝑖 − 1)2𝛾̂𝜂2𝜉2
𝑉𝑗

)

𝛽
2 ⎞
⎟

⎟

⎠

⎤

⎥

⎥

⎦

𝛼

, for even 𝑚,

⎡

⎢

⎢

⎣

1 − exp
⎛

⎜

⎜

⎝

−
(

4(𝐿 − 1)(𝑤∕𝑁)2

3𝑀2𝛾̂𝜂2𝜉2
𝑉𝑗

)

𝛽
2 ⎞
⎟

⎟

⎠

⎤

⎥

⎥

⎦

𝛼

, for odd 𝑚.

(28)

Box II.

given as a conditional random process given a turbulence state ℎ [26],
as follows:

𝑓𝐻 (𝐻) = 𝛿2

𝐴𝛿2
𝑜

𝐻𝛿2−1
∫

∞

𝐻∕𝐴𝑜

ℎ−𝛿
2
𝑓ℎ(ℎ; 𝛽, 𝜂, 𝛼)dℎ. (30)

By applying Newton’s generalized-binomial theorem in (4) and substi-
tuting in (30), we get:

𝑓𝐻 (𝐻) =
𝛿2𝛼𝛽𝛤 (𝛼)
𝐴𝛿2
𝑜 𝜂𝛽

𝐻𝛿2−1
∞
∑

𝑗=0

(−1)𝑗

𝑗!𝛤 (𝛼 − 𝑗)

× ∫

∞

𝐻∕𝐴𝑜

ℎ𝛽−𝛿
2−1 exp

(

−(1 + 𝑗)
(

ℎ
𝜂

)𝛽
)

dℎ. (31)

By performing change of variable, 𝑦 = ℎ𝛽 and using the integration form
given in [35], the pdf of the overall response 𝐻 is expressed as:

𝑓𝐻 (𝐻) =
𝛿2𝛼𝛤 (𝛼)
𝐴𝛿2
𝑜 𝜂𝛿2

𝐻𝛿2−1
∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗)

× 𝛤

(

1 − 𝛿2

𝛽
, (1 + 𝑗)

(

𝐻
𝜂𝐴𝑜

)𝛽
)

, (32)

where 𝛤 (⋅, ⋅) is the upper-incomplete gamma function, which can be ex-
pressed in terms of the MeijerG function as: 𝛤 (𝑎, 𝑥) = G2,0

1,2

(

𝑥||
|

1

0, 𝑎

)

[32].
Therefore, (32) can be written as:

𝑓𝐻 (𝐻) =
𝛿2𝛼𝛤 (𝛼)
𝐴𝛿2
𝑜 𝜂𝛿2

𝐻𝛿2−1
∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗)

× G2,0
1,2

⎛

⎜

⎜

⎝

(1 + 𝑗)
(

𝐺
𝜂𝐴𝑜

)𝛽
|

|

|

|

|

1

0, 1− 𝛿2
𝛽

⎞

⎟

⎟

⎠

. (33)

The CDF expression of the channel response 𝐹𝐻 (𝐻) is formulated
as [36]:

𝐹𝐻 (𝐻) =
𝛿2𝛼𝛤 (𝛼)
𝛽𝐴𝛿2

𝑜 𝜂𝛿2
𝐻𝛿2

∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗)

× G2,1
2,3

⎛

⎜

⎜

⎝

(1 + 𝑗)
(

𝐻
𝜂𝐴𝑜

)𝛽
|

|

|

|

|

1− 𝛿2
𝛽 , 1

0, 1− 𝛿2
𝛽 , − 𝛿2

𝛽

⎞

⎟

⎟

⎠

. (34)

Using (9), (19), and (34), we get the average of SERMPPM using the CDF
expression of the channel response 𝐹𝐻 (𝐻) as follows:

SERMPPM = −∫

∞

0

d SERMPPM(𝐻)
d𝐻

𝐹𝐻 (𝐻)d𝐻 (35)

SERMPPM ≤
((

𝑁
𝑤

)

− 1
) ∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗)

×
𝛿2𝛼𝛤 (𝛼)

√

𝜋𝛽𝐴𝛿2
𝑜 𝜂𝛿2 ∫

∞

0
exp

⎛

⎜

⎜

⎜

⎝

−𝛾
(

𝑁
𝑤

)2
log2

(𝑁
𝑤

)

4𝑁
𝐻2

⎞

⎟

⎟

⎟

⎠

× 𝐻𝛿2G2,1
2,3

⎛

⎜

⎜

⎝

(1 + 𝑗)
(

𝐻
𝜂𝐴𝑜

)𝛽
|

|

|

|

|

1− 𝛿2
𝛽 , 1

0, 1− 𝛿2
𝛽 , − 𝛿2

𝛽

⎞

⎟

⎟

⎠

d𝐻. (36)

Using similar analysis to that explored in Section 3.3, we substitute

𝑧 =
𝛾̂
(

𝑁
𝑤

)2
log2(𝑁𝑤)

4𝑁 𝐻2 and rewrite (36) as:

SERMPPM ≤
((

𝑁
𝑤

)

− 1
)

⎛

⎜

⎜

⎜

⎝

4𝑁

𝛾̂
(

𝑁
𝑤

)2
log2

(𝑁
𝑤

)

𝐴2
𝑜𝜂2

⎞

⎟

⎟

⎟

⎠

𝛿2
2

𝛿2𝛼𝛤 (𝛼)
2
√

𝜋𝛽

×
∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗) ∫

∞

0
(𝑧)

𝛿2
2 − 1

2 exp(−𝑧)

× G2,1
2,3

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(1 + 𝑗)

⎛

⎜

⎜

⎜

⎝

4𝑁

𝛾̂
(

𝑁
𝑤

)2
log2

(𝑁
𝑤

)

𝜂2𝐴2
𝑜

𝑧

⎞

⎟

⎟

⎟

⎠

𝛽
2
|

|

|

|

|

|

|

|

|

|

1− 𝛿2
𝛽 , 1

0, 1− 𝛿2
𝛽 , − 𝛿2

𝛽

⎞

⎟

⎟

⎟

⎟

⎟

⎠

d𝑧. (37)

Based on generalized Gauss–Laguerre quadrature rule [34], the approx-
imate expression for the average SER of MPPM scheme is given as (38)
in Box III. Furthermore, an approximate expression for average BER of
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SERMPPM ≤
((

𝑁
𝑤

)

− 1
)

𝛿2𝛼𝛤 (𝛼)
2
√

𝜋𝛽

(

4𝑁(𝑤∕𝑁)2

𝛾̂log2
(𝑁
𝑤

)

𝐴2
𝑜𝜂2

)
𝛿2
2 ∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗)

𝑆
∑

𝑖=1
𝛬𝑖
(

𝑉𝑖
)
𝛿2
2 − 1

2 G2,1
2,3

⎛

⎜

⎜

⎝

(1 + 𝑗)

(

4𝑁(𝑤∕𝑁)2

𝛾̂log2
(𝑁
𝑤

)

𝜂2𝐴2
𝑜

𝑉𝑖

)
𝛽
2
|

|

|

|

|

1− 𝛿2
𝛽 , 1

0, 1− 𝛿2
𝛽 , − 𝛿2

𝛽

⎞

⎟

⎟

⎠

. (38)

BER𝐿QAM =
2𝛿2𝛼𝛤 (𝛼)

𝑚
√

𝜋𝛽𝐴𝛿2
𝑜 𝜂𝛿2

(

4(𝐿 − 1)(𝑤∕𝑁)2

3𝑀2𝛾̂

)

𝛿2
2 + 1

2 ∞
∑

𝑗=0

(−1)𝑗 (1 + 𝑗)
𝛿2
𝛽 −1

𝑗!𝛤 (𝛼 − 𝑗)

𝑆
∑

𝑟=1
𝛬𝑟

(

𝑉𝑟
)
𝛿2
2 − 1

2

×

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

√

𝐿∕2
∑

𝑖=1

1 − 1
√

𝐿

(2𝑖 − 1)𝛿2+1
G2,1
2,3

⎛

⎜

⎜

⎝

(1 + 𝑗)

(

4(𝐿 − 1)(𝑤∕𝑁)2

3𝑀2𝛾̂(2𝑖 − 1)2𝜂2𝐴2
𝑜

𝑉𝑟

)
𝛽
2
|

|

|

|

|

1− 𝛿2
𝛽 , 1

0, 1− 𝛿2
𝛽 , − 𝛿2

𝛽

⎞

⎟

⎟

⎠

; for even 𝑚,

G2,1
2,3

⎛

⎜

⎜

⎝

(1 + 𝑗)

(

4(𝐿 − 1)(𝑤∕𝑁)2

3𝑀2𝛾̂𝜂2𝐴2
𝑜

𝑉𝑟

)
𝛽
2
|

|

|

|

|

1− 𝛿2
𝛽 , 1

0, 1− 𝛿2
𝛽 , − 𝛿2

𝛽

⎞

⎟

⎟

⎠

; for odd 𝑚.

(39)

Box III.

𝐿QAM scheme can be derived using similar steps (see Appendix) to that
used in case of MPPM that is expressed by (39) in Box III. Finally, by
substituting (38) and (39) in (15), the average BER of hybrid 𝐿QAM-
MPPM scheme considering fading and pointing-error can be evaluated.

5. Discussion and numerical results

In this section, the performance of FSO systems adopting 𝐿QAM-
MPPM scheme is numerically evaluated using the expressions of the bit-
error rates obtained in the previous sections. We consider FSO system
performance under different turbulent levels, weather conditions, beam
divergence, and pointing-error.

5.1. Upper bound and approximate BER expressions

Fig. 2 shows average BERs of hybrid 𝐿QAM-MPPM scheme (with
𝑁 = 4, 𝑤 = 2, and 𝐿 = 8) versus average signal-to-noise SNR (in dB)
under moderate turbulent, clear weather channels (𝑈 = 0.19 dB/km),
and beam divergence of 𝜃𝑇 = 2 mrad. Two different sets of receiver
parameters are considered: (𝐷𝑅 = 3 mm; 𝛼 = 5.44, 𝛽 = 0.76, 𝜂 = 0.31),
and (𝐷𝑅 = 25 mm; 𝛼 = 4.65, 𝛽 = 1.17, 𝜂 = 0.52). The modulation-index
and operating wavelength are 𝑀 = 0.8 and 𝜆 = 780 nm, respectively.
Both upper bound and approximate upper bound expressions (with
𝑆 = 100) are used in calculating the average BERs. It can be seen
that for different FSO system parameters, the BER results of the upper
bound expression are very tight to that of the approximate expression.
Therefore, we use the approximate expression to calculate BERs in the
next subsections as it has a lower computational complexity. In addition,
Fig. 2 reveals that increasing receiver diameter leads to significant
improvement in 𝐿QAM-MPPM/FSO system performance. This can be
explained as follows. Increasing receiver aperture-diameter leads to
receiving many off-axis components in addition to the on-axis direct
beam. Therefore, the receiver averages the fluctuations of the received
optical signals over its aperture. Thus, the fading effect is reduced by
increasing the receiver aperture size. Specifically, at a BER of 10−3, when
using 𝐷𝑅 = 25 mm, the system performance is improved by about 7 dB
compared with that of 𝐷𝑅 = 3 mm.

5.2. Hybrid versus ordinary schemes

The performance of FSO system adopting hybrid 𝐿QAM-MPPM/FSO
is compared to that adopting ordinary MPPM and 𝐿QAM schemes as
shown in Figs. 3 and 4, respectively.

Modulation parameters (𝑁,𝑤 and, 𝐿) are chosen so as to ensure
that all systems under comparison have comparable transmission data
rate, same average energy-per-bit, and bandwidth. In Fig. 3, we select
hybrid 𝐿QAM-MPPM with (𝑁 = 12, 𝑤 = 2, 𝐿 = 4; 10 bits/symbol) and
ordinary MPPM with (𝑁 = 12, 𝑤 = 5; 9 bits/symbol). The same average

Fig. 2. Average bit-error rates ( BERs) for hybrid 𝐿QAM-MPPM (with 𝑁 =
4, 𝑤 = 2, and 𝐿 = 8) versus average signal-to-noise ratio over FSO channel
with moderate fading and clear weather conditions: 𝑈 = 0.19 dB/km and 𝜃𝑇 =
2 mrad. The modulation-index of 8QAM is 𝑀 = 0.8 and operating wavelength
is 𝜆 = 780 nm.

power is considered for both schemes, so they have comparable data
rate, energy per bit, and the same bandwidth. Three different aperture
sizes are discussed. Specifically, (𝐷𝑅 = 3 mm; 𝛼 = 5.44, 𝛽 = 0.76,
𝜂 = 0.31), (𝐷𝑅 = 60 mm; 𝛼 = 3.19, 𝛽 = 2.61, 𝜂 = 0.82), and (𝐷𝑅 =
80 mm; 𝛼 = 2.29, 𝛽 = 4.84, 𝜂 = 0.94). While for Fig. 4, we select
𝐿QAM-MPPM with (𝑁 = 4, 𝑤 = 2, 𝐿 = 8; 8 bits/symbol) and ordinary
𝐿QAM with (𝐿 = 4; 2 bits/symbol) and it will send 4 symbols during
the hybrid scheme duration. Considering the same average power for
both hybrid and ordinary 𝐿QAM scheme, they have the same data
rate, energy per bit, and the same bandwidth. Three different aperture
sizes are discussed, (𝐷𝑅 = 3 mm; 𝛼 = 5.44, 𝛽 = 0.76, 𝜂 = 0.31),
(𝐷𝑅 = 25 mm; 𝛼 = 4.65, 𝛽 = 1.17, 𝜂 = 0.52), and (𝐷𝑅 = 80 mm;
𝛼 = 2.29, 𝛽 = 4.84, 𝜂 = 0.94). It is concluded from figures that increasing
aperture size improves the system performance through averaging the
effect of turbulence over the aperture area for different modulation
schemes. In addition, using hybrid 𝐿QAM-MPPM scheme improves FSO
system performance when compared with both ordinary MPPM and
𝐿QAM schemes. The reason behind this improvement is that when
transmitting comparable data rates and same bandwidth at a specific
average signal-to-noise ratio (specific average optical power), hybrid
𝐿QAM-MPPM systems have higher instantaneous signal-to-noise ratio
as compared to corresponding ordinary 𝐿QAM system and this leads
to a reduction in the BERs of 𝐿QAM part in hybrid scheme comparing
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Fig. 3. Average bit-error rates for both hybrid 𝐿QAM-MPPM (𝑁 = 12, 𝑤 = 2,
and 𝐿 = 4) and ordinary MPPM (𝑁 = 12 and 𝑤 = 5) versus average signal-to-
noise ratio over FSO channel with moderate fading and clear weather conditions:
𝑈 =0.19 dB/km, 𝜃𝑇 =2 mrad, for different aperture sizes of 𝐷𝑅 = 3, 60, and
80 mm. The modulation-index is 𝑀 = 0.8 and operating wavelength is 𝜆 =
780 nm.

Fig. 4. Average bit-error rates for both hybrid 𝐿QAM-MPPM (𝑁 = 4, 𝑤 = 2,
and 𝐿 = 8) and ordinary 𝐿QAM (𝐿 = 4) versus average signal-to-noise ratio
over FSO channel with moderate fading, haze: 𝑈 = 2.58 dB/km, 𝜃𝑇 = 2 mrad,
for different aperture sizes of 𝐷𝑅 = 3, 60, and 80 mm. The modulation-index is
𝑀 = 0.8 and operating wavelength is 𝜆 = 780 nm.

it in ordinary 𝐿QAM scheme. Comparing to ordinary MPPM under the
same conditions, ordinary MPPM increases the number of signal slots to
increase number of bits per symbol in order to keep comparable data rate
constrain. This leads to increasing in ordinary MPPM SER comparing
that in hybrid scheme. Specifically, from Fig. 3, at a BER of 10−6, the
𝐿QAM-MPPM based system outperforms ordinary MPPM based system
by about 8 and 10 dB for 𝐷𝑅 = 80 and 60 mm, respectively. Moreover, it
can be seen from Fig. 4, when comparing 𝐿QAM-MPPM with ordinary
𝐿QAM, the hybrid scheme introduces a power saving by about 2 and
1 dB for 𝐷𝑅 = 80 and 25 mm, respectively, at a BER of 10−3.

5.3. Weather conditions effects

In Fig. 5, we investigate the effect of weather conditions on per-
formance of FSO system adopting 𝐿QAM-MPPM scheme under weak

Fig. 5. Average bit-error rates for hybrid 𝐿QAM-MPPM (𝑁 = 4, 𝑤 = 2, and
𝐿 = 8) versus average signal-to-noise ratio over weak fading FSO channel with
𝜃𝑇 = 2 mrad and different weather conditions; clear-, haze-, and thin-fog with
𝑈 = 0.24, 2.58, 4.22 dB/km, respectively. The modulation-index is 𝑀 = 0.8 and
operating wavelength is 𝜆 = 780 nm.

turbulent FSO transmission channel. Two aperture sizes are discussed:
(𝐷𝑅 = 3 mm; 𝛼 = 5.44, 𝛽 = 1.78, 𝜂 = 0.62) and (𝐷𝑅 = 25 mm; 𝛼 = 3.75,
𝛽 = 5.44, 𝜂 = 0.89). We consider different weather conditions; clear-,
haze-, and thin-fog with 𝑈 = 0.24, 2.58, and 4.22 dB/km, respectively.
It is shown that increasing aperture size provides an improvement in
the FSO system performance even under bad weather conditions. This is
because using larger aperture size means collecting more optical signal
power and decreasing effective path loss. Specifically, the system using
aperture size 𝐷𝑅 = 25 mm outperforms that using 𝐷𝑅 = 3 mm by about
6 dB at a BER of 10−6, 6 dB at a BER of 10−4, and 3.5 dB at a BER of
10−4 in case of clear-, haze-, and thing-fog weather, respectively.

5.4. Modulation-index effect

The effect of modulation-index 𝑀 on the BERs performance is in-
vestigated in Fig. 6. We consider FSO system adopting hybrid 𝐿QAM-
MPPM scheme (with 𝑁 = 4, 𝑤 = 2, and 𝐿 = 8) under weak-
turbulent channels (with 𝐷𝑅 = 25 mm; 𝛼 = 3.75, 𝛽 = 5.44, 𝜂 =
0.89) and clear weather conditions (with 𝑈 = 0.19 dB/km). As shown
in Fig. 6, the BER performance of MPPM technique is constant for a
given SNR and independent of the value of the modulation index, 𝑀 ,
while increasing 𝑀 improves the BER performance of 𝐿QAM technique.
For 𝑀 < 0.4, BER𝐿QAM ≫ BERMPPM thus the performance of the
𝐿QAM is the dominant and the net average BER for the 𝐿QAM-MPPM
system is improved with increasing 𝑀 . This situation is reversed beyond
a modulation index of 0.4, where BER𝐿QAM ≪ BERMPPM and the
average BER is dominated by the MPPM performance. Thus, the BER
becomes approximately constant for 𝑀 ≥ 0.4. Based on the results, we
can conclude that in order to get the optimal BER performance for FSO
system adopting 𝐿QAM-MPPM scheme at different average signal-to-
noise ratios, we should select a modulation-index with a value 𝑀 ≥ 0.4.

5.5. Pointing-error effect

Fig. 7 illustrates the impact of the pointing-error (PE) on the FSO
system performance. The average BERs of hybrid 𝐿QAM-MPPM scheme
(with 𝑁 = 8, 𝑤 = 4, and 𝐿 = 8) under weak-turbulent FSO channel
(𝜎2𝑅 = 0.32) for two different aperture sizes: (𝐷𝑅 = 50 mm; 𝛼 = 2.81,
𝛽 = 3.31, 𝜂 = 0.88) and (𝐷𝑅 = 200 mm; 𝛼 = 0.99, 𝛽 = 20, 𝜂 =
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Fig. 6. Average bit-error rates for MPPM (𝑁 = 4, 𝑤 = 2), 4QAM, and
hybrid 𝐿QAM-MPPM (𝑁 = 4, 𝑤 = 2, and 𝐿 = 4) versus modulation-index
𝑀 for different values of average signal-to-noise ratio, SNR, over clear weather
conditions, 𝑈 = 0.19 dB/km, 𝜃𝑇 = 2 mrad, and aperture size of (𝐷𝑅 = 25 mm;
𝛼 = 4.65, 𝛽 = 1.17, 𝜂 = 0.52). The operating wavelength is 𝜆 = 780 nm.

Fig. 7. Average bit-error rates for hybrid 𝐿QAM-MPPM (𝑁 = 8, 𝑤 = 4, and
𝐿 = 8) versus average signal-to-noise ratio over FSO channel for two different
aperture sizes; (𝐷𝑅 = 50 mm; 𝛼 = 2.81, 𝛽 = 3.31, 𝜂 = 0.88), (𝐷𝑅 = 200 mm;
𝛼 = 0.99, 𝛽 = 20, 𝜂 = 1.03). The modulation-index is 𝑀 = 0.8 and operating
wavelength is 𝜆 = 780 nm.

1.03). Two cases are plotted: without pointing-error and with pointing-
error (𝜎𝑠 =0.3 m). It is shown that the pointing-error highly degrades
the FSO system performance. In addition, increasing the aperture size
beats the degradation of the pointing-error on the system performance.
Specifically, at a BER of 10−9, for 𝐷𝑅 = 50 mm, the system performance
is degraded by about 45 dB, while for 𝐷𝑅 = 200 mm it is degraded by
only about 28 dB.

6. Conclusion

Closed-form expressions for upper bound of bit-error rates ( BERs)
have been derived for FSO system adopting hybrid 𝐿QAM-MPPM
techniques under exponentiated Weibull (EW) fading channels. Upper
bound BER expressions based on MeijerG function and approximate-
tight expressions based on Gauss–Laguerre quadrature rule have been

derived considering fog and beam divergence. Furthermore, the mathe-
matical analysis is extended to consider the pointing-error effect. In ad-
dition, the performance of FSO system adopting 𝐿QAM-MPPM has been
compared to that adopting ordinary 𝐿QAM and MPPM schemes under
different fading levels and weather conditions. It is revealed that the
hybrid scheme performance outperforms that of ordinary techniques. In
addition, the effect of modulation-index has been investigated. Finally,
the pointing-error impact has been discussed and it has been found
that the pointing-error introduces severe degradation in the FSO system
performance; meanwhile the increase of receiver aperture size beats
this performance degradation.

Appendix. Derivation of (39)

The average BER𝐿QAM over EW channel response considering
pointing-error can be obtained as:

BER𝐿QAM = −∫

∞

0
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By substituting of (9) in the BER𝐿QAM(𝛾) expression (17), we get
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By substituting in (A.1) with the CDF, 𝐹𝐻 (𝐻), (34) and (A.3) for odd 𝑚
case, we obtain
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Using similar mathematical analysis that is explored in Section 3.3, we
substitute 𝑧 = 3𝛾̂
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Based on generalized Gauss–Laguerre quadrature rule [34].
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where 𝑎 = 0, 𝑐 = 0, 𝑏 = 1, and 𝑎 = 0. 𝑆 > 1 denotes the number of terms,
and for any 𝑖 ∈ {1, 2,… , 𝑆}, 𝑉𝑖 is the 𝑖th root of Laguerre polynomial
𝐿𝑆 (𝑋) with degree 𝑆, and 𝛬𝑖 is the corresponding weighting coefficient.
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Thus, the approximate expression for the average BER of 𝐿QAM scheme
for odd 𝑚 can be written as:
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Also, the expression of BEReven
𝐿QAM for even 𝑚 case would be driven in

similar way and the final expression of (39) is obtained.
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