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ABSTRACT

In this paper, new algorithms are presented for the cal-
culation of gray-level distance transforms, in which the
distance values of pixels are proportional to the gray-
value di�erences of minimal paths [5], not the gray val-
ues themselves, which is the case in [1] and [3]. The
presented algorithms are sequential local transform al-
gorithms. The performance of the algorithms are evalu-
ated by testing how quickly they converge to the error-
free distance image. It is shown that the presented al-
gorithms are faster than the previously presented al-
gorithms [5] for gray-level distance transforms. It turns
out that the 4-neighbor, 4-raster algorithm is the fastest,
converging to a distance image with no erroneous pix-
els in only two iteration rounds. Furthermore, because
of the raster scanning approach they are easily applied
other image grids than the rectangular one, and are easy
to implement.

1 INTRODUCTION

The previously presented distance transforms for gray-
level images in [3] and [1] �nd the minimum path joining
two points by the smallest sum of gray levels or weight-
ing the distance values directly by the gray levels. In
those methods, the distance values do not depend on
gray value di�erences, but the values themselves.

Fall-distance [4], [7] is another modi�cation of dis-
tance, in which the only permitted paths from the ref-
erence set are those with falling, i.e. strictly decreasing,
gray values. The set of points reached by such strictly
decreasing paths is known as the fall-set of the reference
set. In [4] a sequential two-pass algorithm is used to
calculate the fall-distance.

Recently, a new distance transform for gray-level im-
ages has been presented [5], [6]. In this transform, the
Distance Transform on Curved Space (DTOCS), the dis-
tance values of pixels are proportional to the gray-value
di�erences of minimal paths, not the gray values them-
selves. This paper presents new and more e�cient algo-
rithms for the calculation of the DTOCS.

2 DEFINITION OF THE DTOCS

De�nition 1. Let X � Z2. Let B � Z2 be the struc-
turing element. Let the external boundary of X be de-
noted by @X and be de�ned by @X = (X � B) n X .
@X � XC . (Giardina and Dougherty, 1988)
In the de�nition below we will use the following no-

tation. x 2 X and y 2 @X . Let 	X(x; y) denote the
set of digital 8-paths in X [ @X linking x and y. Let
 2 	X(x; y) and let  have n pixels. Let ai 2  and
ai+1 2  be two adjacent pixels in the path . Let
GX(ai) denote the gray value of the pixel ai.
The Distance Transform on Curved Space (DTOCS)

image de�ned as follows.

De�nition 2. Let the distance between ai and
ai+1 be dX (ai; ai+1) = jGX(ai) � GX(ai+1)j + 1, i =
1; 2; :::; n � 1. The length of the path  is de�ned by
�() =

Pn�1

i=1
dX (ai; ai+1). The DTOCS distance im-

age is de�ned by

F(x) = min(�();  2 	X(x; y)); (1)

F(y) = 0 (2)

3 DEFINITION OF THE WDTOCS

The de�nition of the Weighted Distance Transform on
Curved Space (WDTOCS) consists of the De�nition 1
and the following De�nition 3:

De�nition 3. Let the distance between ai and
ai+1 be dX (ai; ai+1) =

p
GX(ai)� GX(ai+1)j+ z), i =

1; 2; :::; n� 1, where z = 1 if ai+1 2 N4(a) and z = 2 if
ai+1 2 N8(a)nN4(a) The length of the path  is de�ned

by �() =
Pn�1

i=1
dX(ai; ai+1). The WDTOCS distance

image is de�ned by

F(x) = min(�();  2 	X(x; y)); (3)

F(y) = 0 (4)



4 THE ALGORITHMS

The sequential algorithms require two images: the orig-
inal gray-level image G(i; j) and a binary image F(i; j)
which determines the region or regions in which the
calculation is performed. F(i; j) does not have to be
homogenious, it can consist of several disjoint regions
with arbitrary shape and size. The symmetrical masks
m(k; l) are split into two or more masks. The princi-
ple of the Sequential Local Transform (SLT) is that the
domain in scanned sequentially point by point in a pre-
scribed raster pattern. The masks are passed over the
image once each, split into forward and backward masks.
(i; j) are coordinates in the images G(i; j) and F(i; j).
(k; l) are coordinates in the mask m(k; l). The length
of one side of the rectangular image is denotes by size.
The sequential algorithm for the DTOCS proceeds as
follows:

Forward:

for i=(size+1)/2, ..., lines do
for j=(size+1)/2, ..., columns do

F(i; j) = min(1 + F(i+ k; j + l) + d(k; l)) (5)

where d(k; l) = jG(i; j)� G(i+ k; j + l)j,
(k; l) 2 forward mask of mask m

Backward:

for i=lines-(size-1)/2, ..., 1 do
for j=columns-(size-1)/2, ..., 1 do

F(i; j) = min(1 + F(i+ k; j + l) + d(k; l)) (6)

where d(k; l) = jG(i; j)� G(i+ k; j + l)j,
(k; l) 2 backward mask of mask m

The sequential algorithm for the WDTOCS proceeds as
follows:

Forward:

for i=(size+1)/2, ..., lines do
for j=(size+1)/2, ..., columns do

F(i; j) = min(1 + F(i+ k; j + l) + d(k; l)) (7)

where d(k; l) = j
p
G(i; j)� G(i+ k; j + l) +m(k; l)j,

m(k; l) denotes the value of mask point (k; l) in the for-
ward part of mask m.

Backward:

for i=lines-(size-1)/2, ..., 1 do
for j=columns-(size-1)/2, ..., 1 do

F(i; j) = min(1 + F(i+ k; j + l) + d(k; l)) (8)

where d(k; l) = j
p
G(i; j)� G(i+ k; j + l) +m(k; l)j,

m(k; l) denotes the value of mask point (k; l) in the for-
ward part of mask m.
The values of mask points are as follows:
DTOCS: a = 1; b = 1
WDTOCS: a =

p
2:0; b = 1:0

The kernel masks m(; k:l) used in this paper:
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5 RESULTS

It is typical for sequential local transform algorithms
of distance transforms that, after the �rst round, the
distance image contains erroneous distance values. For-
tunately, as shown in [2], this problem can be overcome
by applying more than one iteration rounds. This phe-
nomenon holds also for gray-level image distance trans-
forms as shown for the Distance Transform on Curved
Space (DTOCS) and Weighted Distance Transform on
Curved Space (WDTOCS) in [5].

The tests were performed using the "Leena" image of
sizes 32�32, 64�64, 128�128, 256�256, and 512�512
pixels. Each pixel was presented by 8 bits. In Fig-
ure 1, a 2-neighbor, 4-raster algorithm for the DTOCS
and the WDTOCS is tested. It shows how the number
of erroneous pixels converges to zero after 3 iteration
rounds for all image sizes. A similar result is also ob-
tained for the WDTOCS. This is clearly faster than the
convergence obtained using a conventional 4-neighbor,
2-raster algorithm, whose results are depicted in Fig-
ure 5 and Figure 6. The 3-neighbor, 4-raster algorithm
gives assentially similar results for both the DTOCS and
WDTOCS for all image sizes as the previous algorithm.
See Figure 2. Figure 3 shows how the 4-neighbor, 3-
raster algorithms converge. This neighbor-raster com-
bination gives slightly better results than the previous
ones. The number of erroneous pixels after the �rst iter-
ation round is considerably smaller. Figure 4 shows the
best convergence behavior which is obtained using the
4-neighbor, 4-raster algorithms for the DTOCS and the
WDTOCS. In both the DTOCS and WDTOCS algo-
rithms the number of erroneous pixels converges to zero
already after the second iteration round. The behavior
of the 2-neighbor, 4-raster and 3-neighbor, 4-raster al-
gorithm is very near each other. See Figures 1 and 2.
This resolution makes the curves look almost the same.

The 4-neighbor, 2-raster algorithm gives the worst
performance because practically in all convex domains
there are some minimal non-reversing paths which are
not computed by either pass of the 2-raster algorithm.
In [2] is is shown that 4 passes of the 4-raster algorithm
is su�cient to compute distance along all non-reversing
paths in binary images, because each pass correctly com-
putes non-reversing paths lying in one quadrant. How-
ever, this does not exactly hold for gray-level images.
In this paper it is shown, that also for gray-level images
this neighbor-raster combination is the best, but 2 it-
eration rounds are needed to get an error-free distance
image.

6 Conclusion

In this paper, new and more e�cient algorithms for
the Distance Transform on Curved Space (DTOCS)
and the Weighted Distance Transform on Curved Space
(WDTOCS) are presented. These algorithms produce
distance images, in which the distamce value of each

point is proportional to gray value di�erences in minimal
paths. In [1] and [3] the distance values are proportional
to gray values themselves.

In [2] it is shown that local sequential transform al-
gorithms leave some pixels in the binary image with er-
roneous distance values after the �rst iteration round.
Therefore they must be applied several times using the
distance image as input. It is shown in [5] that this
applies also to the DTOCS and WDTOCS algorithms
which calculate distance transforms for a gray-level im-
ages. However, after a few iteration rounds the number
of erroneous pixels converges to zero. It is shown in this
paper that the new algorithms converge to an error-free
distance image considerably faster than the older algo-
rithms presented in [6], [5]. Furthermore, because of the
raster scanning approach they are easily applied other
image grids than the rectangular one, and are easy to
implement.
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Figure 1. 2-neighbor, 4-raster algorithm results for
the DTOCS and the WDTOCS.
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Figure 2. 3-neighbor, 4-raster algorithm results for
the DTOCS and the WDTOCS.



1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

4

E
rr

on
eo

us
 P

ix
el

s

Round #

4−neighbour, 3−raster SLT (DTOCS)

32x32  
64x64  
128x128
256x256
512x512

Figure 3. 4-neighbor, 3-raster algorithm results for
the DTOCS and the WDTOCS.
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Figure 4. 4-neighbor, 4-raster algorithm results for
the DTOCS and the WDTOCS.
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Figure 5. 4-neighbor, 2-raster algorithm results for
the DTOCS.

2 4 6 8 10 12 14
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5
x 10

4

Iteration rounds

N
um

be
r 

of
 e

rr
on

eo
us

 p
ix

el
s

DTOCS: Expanded 3x3 kernel

−o−o 512x512 image

.... 256x256 image

_._. 128x128 image

____  64x64 image

−x−x  32x32 image

Figure 6. 4-neighbor, 2-raster algorithm results for
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