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Chapter 8 State Feedback and State Estimators
State Estimator

B In previous section, we have discussed the state feedback, based
fc__)n (tjrg)e akssumption that all state variables are available for
eedback.

B Also, we have discussed the output feedback, provided that the
output is available for feedback.

B On the purpose of state feedback, practically, the state variables
might be not accessible for direct connection.

B The sensing devices or transducers might be not available or very
expensive.

B In this case, we need a "state estimator” or a "state observer”.
Their output will be the “estimate of the state”, provided that the
system under consideration is observable.
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State Estimator

B Consider the n-dimensional single-variable state space equations:
X(t) = Ax(t) +bu(t)
y(t) =cx(t)

where A, b, ¢ are given, u(t) and y(t) are available, and the
states x(t) are not available.

B Problem: How to estimate x(t)?

u(t) Linear Time- ()

Invariant System ‘

State
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Open-Loop State Estimator

B The block diagram of an open-loop state estimator can be seen

below:
u(t) X(t) — x(t) y(t)
o—+— b ﬁ%: I C ——»0
A J
o () () |
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B ‘Cll'hle_ open-loop state estimator duplicates the original system and
eliver:

X(t) = AX(t) +bu(t)
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Open-Loop State Estimator

B Several conclusions can be drawn by comparing both state
equations

X(t) = Ax(t) +bu(t)
X(t) = AX(t) +bu(t)

B If the initial states of both equations are the same,
Ro(t) = xo(t), then for any t = 0, X(t) = x(&).

m If the pair (A,c) is observable, the initial state can be computed
over any time interval [0,¢t,], and after setting X(t,)=x(t,), then
X(t)=x(t) for t = t,.

u(t) X(t) — X(t) y(®)

| >0

\
[y

r




Chapter 8 State Feedback and State Estimators

Open-Loop State Estimator

B The disadvantages of open-loop estimator are:

B Initial state must be computed and appointed each time the
estimator is used.

B If the system is unstable, any small difference between x(¢;)
and X(t,) will lead to even bigger difference between x(t) and
X(t), making X(t) unusable.

u(t) X(t) — X(t) y(®)
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Closed-Loop State Estimator

B The block diagram of a closed-loop state estimator can be seen

below:
u(t) X(t)—— x(t) y(t)
O— — 1 C >0

l
"
\

B In closed-loop estimator,
yétg = C)_(gtg is compared with
P(t) = cX(t).

B Their difference, after
multiplied by the matrix [, is
used as a correcting term in
the calculation of X(t).

mIflis properIY assigned, the
difference will drive X(t) to

At i x(t).

—» b ﬁ%} [ k()
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Closed-Loop State Estimator

m Following the previous figure,
X(t) = AX() +bu(t) + 1 (y(t) - cX(1))

X(t) = (A—1c) X(t) +bu(t) + 1y(t)

e "New” inputs

Bm We now define
e(t) = x(t) — X(t)
8(t) = X(t) — X(t)

u(t)

X(t)

X(t)

Y(tz

.....................................

={ AX(t) +bu(t)} —{(A—Ic) X(t) +bu(t) +1y(t)}

=(A-Ic)x(t)—(A-Ic) X(t)

=(A-Ic)(x(t) - X(t))
é(t) =(A-Ic)e(t)
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Closed-Loop State Estimator

é(t)=(A-lc)e(t) ———=> e(t)=e"“""¢(0)

e The time domain solution
of estimation error e(t)
depends on e(0), but not

u(t)

Canonlcal_
Transformation

ER)=AE(t) > £()=e"E(0)

A4 0 - 0 et 0 ... 0
e O A : ot _ o ot .
- 0 : 0

0 0 4, 0 0 e™
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Closed-Loop State Estimator

B From the fact that £(t) = eAtg(0), we can conclude that:

m If all eigenvalues of A = (A-Ic) are negative, then the
estimation error e(t) will approach zero as t increases.

B There is no need to calculated the initial states each time the
closed-loop estimator will be used.

B After a certain time, the estimation error e(t) will approach
zero and the state estimates x(t) will be equal to the system'’s
state x(t).
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Example 1: State Estimators

Consider a linear time-invariant system with the following state
equations:

0 4 0
x=| _Jz(t){l}u(t)

yt)=[1 0]x(t)

Design a state estimator with eigenvalues of -10 and -10.
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Example 1: State Estimators

C 1 0
— | | = e Observable > a state estimator
0 4 can be designed

a(s) =det(sl - A+Ic)

s 0] [0 4 |

et | H }H[l o]j
[+ —4

— det >*h D
L, +1 s+2

=5+ (I, +2)s+ (2, + 4l, +4) | —18 18
1= | =
= (S -|-10)(S -I-lO) > |2 -15 - |:15:|
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Example 1: State Estimators
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Example 1: State Estimators
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Example 1: State Estimators
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Example 2: State Estimators

A system is given in state space form as below:

_ 2 1 1
x=| Jz(t){z}u(t)

y(t)=[1 1]x(t)

(a) Find a state feedback gain k, so that the closed-loop
system has -1 and -2 as its elgenvalues

(b) Design a closed-loop state estimator for the system, with
eigenvalues -2 * j2.
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Example 2: State Estimators

(a) Find a state feedback gain k, so that the closed-loop
system has -1 and -2 as its eigenvalues.

a(s) =det(sl — A+bk)
s—-2+k,  -1+Kk,
=det
1+2k, s—-1+2k,
=s° +(k, +2k, —3)s+(k, =5k, +3) \ k =4
=(s+1(s+2) k, =1

k=[4 1

(b) Design a closed-loop state estimator for the system, with
eigenvalues -2 + j2.

a(s) = det(sl - A+Ic)

s—2+1, -1+,
= det
1+,  s-1+1,

=s° + (I, +1, -3)s+(-2I, -1, +3) > |, =—12 I_{—lZ}

=(S+2+J2)(s+2—-]j2)
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Example 2: State Estimators
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Example 2: State Estimators
o/

File Edit Wwiew Simulation Format Tools Help

N EEHE L a2R (9 REL®| > =

] |

Step

. -
) SEPLL AEE B A&

A

e -
Original System

k (Usirng State Feedbadk) Output

Camparison
>
- :

b =]

=

K“u}q
0L State Estimator
k (Using State Feedbadk)

Ready toowe | | T5E 4| o If Xy # X,, then for a certain
amount of time there W|II be
estlmatlon errore = x - x

0.2 0 which in the end will decay to
v 5 zero
Xo — , Xo — e For unstable system, the
1 0 estimation error will increase,

e = 00, no decay

19



Chapter 8 State Feedback and State Estimators

Example 2: State Estimators
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Homework 7: State Estimators

(a) For the same system as discussed in Example 2, design another
closed-loop state estimator, with eigenvalues at -3 and —4.

(b) Compare the performance of the estimator in the previous slides
gnd tlhekone you have designed. Do simulation using Matlab
imulink.

(c) Give some explanations of the comparison results.
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Homework 7A: State Estimators

(a) For the same system as discussed in Example 2, design another
closed-loop state estimator, with eigenvalues at -0.5 * j1. This
means, the eigenvalues of the estimator is to the right of those
of the system, which is -1 and -2.

(b) Compare the performance of the estimator in the previous slides
gnd tlhekone you have designed. Do simulation using Matlab
imulink.

(c) Give some explanations of the comparison results.

B Deadline: Wednesday, 5 November 2014.
B For Johnson, Rayhan, Kristiantho, and Anthony.
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Homework 7B: State Estimators

Consider a second order system.

X+2lw X+’ X=U

where u=3+0.5 sin(0.75¢t) is the input and x is the output, (=1, w
=1 rad/s. The initial states are x(0)=2, x(0)=1.

(a) Design an observer with poles at -0.25 and -0.5.

(b) Perform simulation in Matlab Simulink and determine the time

required by observer states to catch up with the actual system
states.




