05/16/2013

EE391 Control Systems and Components

)

-

_MODERN CONTROL

ﬁ Faculty of Engineering
- Ul Alexandria University

W FACULTY OF ENGINEERING - ALEXANDRLA UNIVERSITY 2013

Classical Control and Modern Control

Classical Control Modern Control

* SISO * MIMO

(Single Input Single Output) (Multiple Input Multiple Output)
* Low order ODEs * High order ODEs, PDEs
* Time-invariant * Time-invariant and time variant
* Fixed parameters * Changing parameters
* Linear * Linear and non-linear
* Time-response approach * Time- and frequency response

approach

+ Continuous, analog * Tends to be discrete, digital
» Before 80s * 80s and after

B The difference between classical control and modern control originates from the
different modeling approach used by each control.

B The modeling approach used by modern control enables it to have new features not
available for classical control.
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Laplace Transform Approach

. anqu T
u®)® CT T

—Ri _, di i _~dv
v=Ri V= La |—Cﬁ
RLC Circuit V(s)=R-1(s) V=sL-I(s) I(s)=sC-V(s)
. Resistor Inductor  Capacitor
Input variables:
* Input voltage u(t)
Output variables: ) dity 1%,
« Current i(t) Rl(t)+L$+Ej'|(r)dr+v0 =u(t)
0

RI(S)+ LS (8) =) +— 1 () + Y2 = U (s)
Cs S
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Laplace Transform Approach
RI(s)+ L(s1 (8) =) +—1 () +2 U (s)
Cs S

1 B .
(Ls+R+a)l(s)_U(S)+L|0 5

Cs LCsi, —Cy,
I(s) = > U(s)+ >
LCs® +RCs+1 LCs“+RCs+1
— _J (- J
RS Y
Current due Current due to
to input initial condition

B For zero initial conditions (v, = 0, i, = 0),

1(s)=G(s)U(s)
Cs UO—>(S) G(s) —»ol 3

2
LCs“+RCs+1 Transfer function

where G (S) =
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State Space Approach

M Laplace Transform method is not effective to model time-varying and
non-linear systems.

BThe state space approach to be studied in this course will be able to
handle more general systems.

BThe state space approach characterizes the properties of a system
without solving for the exact output.

ML et us now consider the same RLC circuit and try to use state space to
model it.
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State Space Approach
. . dv dv. 1.
R L i) i, =C—S="—C==j
/vv\, MMM — dt dt C
J’_
di, 1,
) Cr= dt_C*
- di dii, 1
RLC Circuit VL= Ld_tL = d_tL = EVL
State variables: di._ _ 1
* Voltage across C dat L (U=Ve =Ve)
* Current through L Ti
L uoRi -y,
dt_ L L
* We now have two first-order ODEs
* Their variables are the state variables and the input
\ J
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State Space Approach

B The two equations are called state equations, dve 1 :

and can be rewritten in the form of: gt C*

S A T

B The output is described by an output
equation:

N
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State Space Approach

B The state equations and output equation, combined together, form
the state space description of the circuit.

oo {0 e o)

- 3

M |n a more compact form, the
state space can be written as:

x+Bu

9 ’h;
=

&

I

< |%-
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State Space Approach

B The state of a system at t, is the information at t, that, together with the input u for t, <
t < 0, uniquely determines the behavior of the system for t 2 t,,.

B The number of state variables = the number of initial conditions needed to solve the
problem.

B As we will learn in the future, there are infinite numbers of state space that can
represent a system.

B The main features of state space approach are:
B |t describes the behaviors inside the system.

B Stability and performance can be analyzed without solving for any differential
equations.

B Applicable to more general systems such as non-linear systems, time-varying system.
B Modern control theory are developed using state space approach.
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Classification of Systems

B Systems are classified based on:

B The number of inputs and outputs: single-input single-output (SISO), multi-input
multi-output (MIMO), MISO, SIMO.

B Existence of memory: if the current output depends on the current input only, then

the system is said to be memoryless, otherwise it has memory = purely resistive
circuit vs. RLC-circuit.

M Causadlity: a system is called causal or non-anticipatory if the output depends only
on the present and past inputs and independent of the future unfed inputs.

B Dimensionality: the dimension of system can be finite (lumped) or infinite
(distributed).

M Linearity: superposition of inputs yields the superposition of outputs.
B Time-Invariance: the characteristics of a system with the change of time.
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Linear System

B A system y(t) = f(x(t),u(t)) is said to be linear if it follows the
following conditions:

mif f(x®).80)=y0),

then f (ax(t), ayl(t)) =ay (1)
mif f(x)u0)=p)

and  f(x,(t),4,(1)) =y, (1)

then f(x,(t)+x, (1), 1, (1) + 1, (1)) = y, (©) + y, (1)
B Then, it can also be implied that

f (ax,(t) + Bx, (0, am, () + u, () = ay, () + By, (1)
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Linear Time-Invariant (LTI) System

BA system is said to be linear time-invariant if it is linear and its parameters
do not change over time.
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State Space Equations
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B The state equations of a system can generally be written as:

RICINEM
XZ(t) — : a22

_Xn.(t)_ _anl
X1(t),X2(t),---,

uy (£), U, (1), -+,

8,

Tx®7 [by
X, (t) :

nn _|

L Xn (t) _ bn1

b22

X, (t) are the state variables

U, (t) are the system inputs

» State equations are built of n linearly-coupled
first-order ordinary differential equations

b,

nr_|

u®]

u, (t)

Lu, (1)
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State Space Equations

B By defining:

we can write

%, (1) ]

w0 =0

_Xn.(t)_

. u(t)=

(1) ]
u, (t)

x(t) = Ax(t) + Bu(t)

_Un.(t)_

State Equations
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State Space Equations
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B The outputs of the state space are the linear combinations of the
state variables and the inputs:

Y1 (), Yo (t), -, Yo (1) are the system outputs

RACARECH G |[ %) |
YZ (t) — CZZ : X2 (t)
L ym (t)_ _le Cmn _ _Xn (t)_

dll

O

dlr _ul(t)_
d22 u2 (t)
dmr i _ur (t)_
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State Space Equations
M By defining: BAON
1
Y, (1)
y(t)= 2: ’
LY (D) ]
we can write Z(t) = Qg(t) + Qy(t) Output Equations
D
t L et t % y(0)
u(t) B ﬁ x(t) i j( ) C y
A J—V
J

\__EE391 Control Systems and Components




W FACULTY OF ENGINEERING - ALEXANDRIA UNIVERSITY 2013

Example: Mechanical System
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y=0 d 2
F oyt ey _p Y® - d7y()
k _yp u(®) -ky(®)-b= 2 =m=3
/ b m —p U(t) State variables: '
7 s U xO=yt) =x)= >(<jz(t)( )
frictioniess _ w . — 2y t
X2 (t) - dt = X2 (t) dt2

Input variables:

* Applied force u(t) State equations:

Output variables: X, (t) = X, (t)

* Displacement y(t)
: k b 1
%o (1) = =—x, (1) =%, () + —u(t)
m m m
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Example: Mechanical System

B The state space equations can now be constructed as below:

L‘(z(t)}z{—k/m —b/m}{xz(t)}{]/m}u(t)
xl(t)}

y(t)=[1 0]{X ©
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Homework |: Electrical System

05/16/2013

B Derive the state space representation of the following electric circuit:

R c,
+ Vv j_ K +
C

oS 1T L 3w

Input variables:
* Input voltage u(t)

Output variables:
* Inductor voltage v,(t)
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Homework | A: Electrical System

B Derive the state space representation of the following electric circuit:

Cl C2
L . 4
+ AN I\ +

uH @ R L 3w

Input variables:
* Input voltage u(t)

Output variables:
* Inductor voltage v(t)
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Solution of Homework |: Electrical System

R C

2 V, = Ri
+ NMAN— 1€ + " (;i .
c J_ v, = Ld—tL =Li,
T 1 Lo
_ . _ |C :Cd—: :CVC

State variables:

* X, is the voltage across C,

* X, is the voltage across C,

* X5 is the current through L

(% —u)/R+Cy¥ +CyX%, =0 % ==1/RC;-% =1/C,- X, +1/RC, -u
CoX, =X %, =1/C; X,
X =X, = LX % =1/L-x -YL-x,

\EE391 Control Systems and Components
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Solution of Homework |: Electrical System
B The state space equation can now be written as:
X, =—]/RC1'X1—]/C1‘X3+]/RC1'U
%, =1/C; X,
% =YL-x -1L-x,
X, _]/Rcl 0 _]/Cl X l/Rcl
X, |=| 0 0 1C, ||x, |+ 0 |u
X, L =L 0 ||x 0
X
y=[1 -1 0]{x, |+0-u
X3
\__EE391 Control Systems and Components




05/16/2013

W FACULTY OF ENGINEERING - ALEXANDRIA UNIVERSITY 2013

Example: Transfer Function

B Given the following transfer function

1
Y(s)== 2
s*+a,s’ +as+a,

U (s)

and assuming zero initial conditions, construct a state space
equations that can represent the given transfer function.
I

s°Y (s) +a,s°Y (s) +a,sY (s) +a,Y (s) =U (s)
y(t)+a,y(t)+ay(t)+a,y(t) =u(t)

X1=¥ X1=X2
X, =Y X, = X,
X; =V X; =Y =—a,% —a X, —a,X; +u(t)
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Example: Transfer Function

The state space equation can now be given as:

x] [0 1 07x] [0

The state space equation can

also be given using block
diagram:

X, 1= 0 0 1 ||x,[+[/0]u
Xs —a, —q - | X% 1
X N S
y:[l O 0] Xz +OU ST+a,5s"+aS+4q,
X3 vO YO 90

U (s)

y(t) . _Xg)
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Vector Case and Scalar Case

B The general form of state space in vector case, where there are multiple inputs and
multiple outputs, is given as:

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

B |n scalar case, where the input and the output are scalar or single, the state space is
usually written as:

x(t) = Ax(t) +bu(t)
y(t) = x(t)+du(t)

\EE391 Control Systems and Components J
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Solution of State Equations

B Consider the state equations in vector case.
x(t) = Ax(t) + Bu(t)

B Multiplying each term with e 4,
e x(t) =e " Ax(t) +e * Bu(t)

d —At —At
S )= _ 4o
e 5(t) — e * Ax(t) =& * Bu(t) e )=

e x(0) =¢ * Bult)

B The last equation will be integrated from O to t:
t

e " x(r)] = [e " Bu(r)dr
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Solution of State Equations

¢ x(0)] = [ * Buroe

e x(t)—e ' x(0) = Jt'e"‘"ﬁy(r)dr

t
x(t) =e* x(0) + [e*” Bu(r)dr
0

B At t=0, x(t) = x(0) = x,, which are the initial conditions of the states.

Solution of State
Equations

W FACULTY OF ENGINEERING - ALEXANDRLA UNIVERSITY 2013

Solution of Output Equations

BWe know substitute the solution of state equations into

the output equations:
y(t) = Cx(t)+ Du(t)

t .
y(t)= Q{e"“x(O) +| e"‘“"’éy(r)df}+22(t) > Dutpat
0

Equations

EE391 Control Systems and Components
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Solutions of State Space in Frequency Domain
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BThe solution of state equations and output equations can also be written
in frequency domain:

x(t) = Ax(t) + Bu(t)
sX(s)-x(0) = AX(s)+ BU(s)
(sI-A)X(s)=x(0)+BU(s)

X(s) = (sI-A)"x(0)+(sI - A) " BU(s)

Solution of State Equations

y(t) =Cx(t)+ Du(t)
Y(s)=CX(s)+DU(s)

Y (s) = C{(sI-A)"x(0)+(sI-A)*BU(s)} + DU(s)

Solution of Output Equations

\EE391 Control Systems and Components
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Relation between eAt and (sI-A)

B Taylor series expansion of exponential function is

given by: e e .
e =1+ At + + o+ Scalar Function
n! e Exact solution, around t
: = 0, infinite number of
2 {n terms
At 2 n
€ I+té+2!4 +“'+n!4 Vector Function

M8
~| ™=
:;

k=0

M|t can be shown that l{k } s 5o that:

B[eﬂzﬁLokl } ZS(k+1)A

\__EE391 Control Systems and Components
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Relation between eAt and (sI-A)

BMDeriving further,

0

B[eét:| _ Z S-(k+1)4k

k=0
=5 I +52A+5° A +...
st
TI-s'4
=s'(I-s"4)"
=(s-s4))"

Lle* [=(s1-4)" et =L [(sL-4)"]
\ J
B racurtor somenme- wsammn e ¢

Example: Solution of State Equations

Compute (sI-A)" if A= [O _1}.

1 -2
I
S 1
sI—A)=
(s1-4) {—1 s+2}
(s - A)* = 1 s+2 -1
- (S)(s+2)-MEYH| 1 s
S+2 -1
_ s2+2s+1 s%+2s+1
1 S

s?+2s+1 s*+2s+1
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Example: Solution of State Equations

Given x(t) = [2 :ﬂg(t) + {ﬂu(t) , find the solution for x(t).

L ¢
x(t) =e” x(0) + [ Bu(r)d<

0
et =Lt (sI-A4)" | f(t) F(s)
S+2 -1 %ﬁiliﬂrﬂzl '(;4_%}?
_pt (s+1)° (s+1)°
B 1 S

(s+1)° (s+1)°

l@+t)et e
| otet (-t)e
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Example: Solution of State Equations

Now, we substitute et to obtain the solution for x(t):

(1+t_)e‘t —te‘t_ }5(0)+
e (1-t)e™

(L+-z)e ™ —(t-r)e m u(z)dr
(t— T)e_(t_r) (1-(t- z’))e_(t—r) 1

x(t) =

O ey —+
I I

—j (t—7)e “u(r)dr

:{(1+t)e‘t —te™! }_c(O)+
te™! (1-t)e™

.t[(l—(t —2))e “u(r)dr

\__EE391 Control Systems and Components




05/16/2013

W FACULTY OF ENGINEERING - ALEXANDRIA UNIVERSITY 2013

Example: Solution of State Equations

If x(0)=0 and u(t) is a step function, determine x(t).

— - j_ o 7
. . —|(t-2)e " 17)dr
()= {(1+t)e —te } :
te™ (1-t)e™ L "
ja—a—r»eﬁﬂuﬂdr
_Xi(t)_ —j (t—7)e " dr

X, (t) .t[ (1-(t-7))e “dr
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Example: Solution of State Equations

t

KO | | [t-ae -0 G0
- 0 dr
X (t) j((t —7)-1e " d(t-7) d(t-7)=-dz

[tedt=—e"(@+1)
et Jetdt=—e"
—e I (t-7)]

—1tet(l+t)
e't

- X (t)=-1+e"(1+t)
X,(t)=e't

\__EE391 Control Systems and Components y
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Equivalent State Equations
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1H i
. L N Vv, = L(jj—tL: X,
10 1F v X, =U—X,
u(t) % y(® iR =—=X .
~ X, ;2_ R 2 Xp =X =%
' dv. . _
State variables: i.=C d_tc= X, y=X

* x:inductor current i
* X,:capacitor voltage v

RERMAT

W FACULTY OF ENGINEERING - ALEXANDRLA UNIVERSITY
Homework 2: Equivalent State Equations

2013

I. Prove that for the same system, with different definition of state variables, we can
obtain a state space in the form of:

1H
+
10 F
u(t) O NRvo
X X,

X,
State variables: y= [1 —1]{)? }

* % :current of left loop
* %:current of right loop

\__EE391 Control Systems and Components
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Homework 2: Equivalent State Equations
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2. Derive a state-space description for the following diagram

\EE391 Control Systems and Components
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Equivalent State Equations

1H

= VL= Lﬂ =X
+ > + dt :

10 1F v X, =U=X
u(t) X Ay iy = R _x .

X, ;2 R 7 X =% =X
' . dv . =
State variables: i.=C d_tC= X, y=%

* x:inductor current i
* X:capacitor voltage v

RN AT

y=[0 1]{)(1}

X,
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Homework 2: Equivalent State Equations
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2013

obtain a state space in the form of:

State variables:
* % :current of left loop
* %:current of right loop

1H
DT e A R
10 F c |= o |1
u(t)%b) @ LYo %, |-1 0J[%| |1

I. Prove that for the same system, with different definition of state variables, we can

\EE391 Control Systems and Components
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Homework 2: Equivalent State Equations

2013

1H .
+ m + —u+ )~(1 + ()~<1 — )?7
+ Xi_ - - -
10 1F —U—X +X
U(t)%b) . Ny X X 2
‘ X } X, PORE—
- . _ VC = X1 - X2 = y
State variables: iC — %
dt

* % :loop current left
* %:loop current right

> ol

by

| [-1 1][%] [2 % =% —%, .
Py B L S

\__EE391 Control Systems and Components
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Homework 2: Equivalent State Equations

2. Derive a state-space description for the following diagram

Y
=
=
Y
k,
o
Y
( )"_+
3
=
s

s -

\EE391 Control Systems and Components
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Homework 2: Equivalent State Equations

C

R

0 1 0fx | (O
= 0 0 1{x,[+|0]u
—-a+b bc 1 x| |1

X, =—ax, + X, +by+u X,
= —ax, + X; +b(x +cx,) +u y=[1 ¢ 0]/ x, |+0u
= (—a+b)x +bex, +x, +u X3

\__EE391 Control Systems and Components
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Equivalent State Equations
B Consider an n-dimensional state space equations:
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

B Let P be an nxn real nonsingular matrix, and let
x = P x.Then, the state space equations

x(t) = AX(t) + Bu(t)
y(t) = CX(t)+ Du(t)

where
A=PAP", B=PB, C=CP",

is said to be algebraically equivalent with the original state space

D=D.

equations.
B x = P x is called an equivalence transformation.

\EE391 Control Systems and Components
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Equivalent State Equations

BProof:
Substituting x(t) = P"'%(t)

P x(t)= AP %(t) + Bu(t)
x(t)=PAP " %(t)+ PBu(t)

B

[

y(t) = CP (1) + Du(t)

c D

\__EE391 Control Systems and Components
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Equivalent State Equations

B From the last electrical circuit,

State variables: State variables:
* *:inductor current i, * oK loop current |§ft
« % capacitor voltage v,  1H * %:loop current right
+ +
10 1F
u(t) ~y()

B The two sets of states can be related in the way:

] 1 -1%] 7 |x]|7[1 - {xj
%] 1 0%
%] |1 —1[xj

\EE391 Control Systems and Components
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Transfer Function and Transfer Matrix

B Consider a state space equations for SISO systems:
X(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
B Using Laplace transform, we will obtain:
sX(5) - x(0) = AX(s) + BU(s)
Y(s) =CX(s)+DU(s)
B For zero initial conditions, x(0) = 0,
X(s)=(sI-A4)"BU(s)
Y(s)=(C(sL-A)"B+D)U(s)

G(s) =%=g(sz—4)-lg+ D

Transfer Function

\__EE391 Control Systems and Components y
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Realization of State Space Equations

B Every linear time-invariant system can be described by the input-output description
in the form of:

Y (s) =U(s)G(s)

B If the system is lumped (i.e., having concentrated parameters), it can also be described
by the state space equations

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
B The problem concerning how to describe a system in state space equations, provided

that the transfer function of a system, G(s), is available, is called Realization
Problem.

G(s) N, ABCD

| g

\EE391 Control Systems and Components
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Realization of State Space Equations

B Three realization methods will be discussed now:
M Frobenius Form
B Observer Form
M Canonical Form

\__EE391 Control Systems and Components




05/16/2013

S oo e s s ]
Frobenius Form

Y(s) _b,s"+b, ,s""+--+bs+h

G(s) = n n—1
U(s) s"+a, ST+ +as+a,
d"y(t) d"y(t) dy(t)
+a +oeta——+ t)=
dtn n-1 dtn—]_ al dt aOy( )
d"u(t) d™u(t) du(t)
bmdt—m+ m_lw+"’+blT+b0U(t)

B Special Case: No derivation of input

ave, , 4O, L, O _
Ay e a2 Ay (1) = ()

\EE391 Control Systems and Components
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Frobenius Form

HEWe now define:
% (t)=y()
X, (1) =y(t) =x()
X (1) = Y(t) = %,(t)

x,(0) = Y () =%, (1)

% (1) 0 1 - 0 x| 0
O |0 0 1m0 k0| |0

u(t)

X, (t) -8, —a - —a | %)) [b Frobenius Form,
X, (t) Special Case

%, (t)

X, (1)

\ EE39["Control Systems and Components

yt)=[1 0 - 0] +0u(t)
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Frobenius Form
B General Case:With derivation of input
Y(s) _bys"+b, s" 4o 4bs+ly N(s)
U(s) s"+a._s"'+--+as+a, D(s)
B If m = n—| (largest possible value), then
Y(s) =(b, " +b, " 4+ bys +bo)%
U S U S Rs U S _ U S
Xy(8)  Xy(s) X,.4(8) X, (s)
\EE391 Control Systems and Components J
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Frobenius Form

B If m = n—| (largest possible value), then
X (t) = £7[X,(5)]
X (t) = % (0
SNOESING
Xa (8) = X,y (1)

U(s) U(s)
WBut X,(s)= =
But 1(5) D(S) Sn + a.n_lsn—l Feee gt ais + ao

s"X,(s)+a, ,S" X, (S) +++ +a,8" X, (8) +a,sX,(s) +a,X,(s) =U(s)
"X, (8) =U (8) —, ;8" X, (5) =+ = 2,8° X, (5) — a,5X, (8) — 8, X, (S)
X" () = u() — X" (1) = = a,% (1) — % (1) — ag, (1)

Xn (t) =u (t) —a,..X, (t) X (t) —aX, (t) - aox1(t)

\__EE391 Control Systems and Components y
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Frobenius Form
B The state space equations can now be written as:
x@®]1 [0 1 0--0 I x®] [0
X, (t 0 0O 1---0 X, (t 0
V| € >0
X, (t) -8, -8 - —a, [ X (t) 1 Frobenius Form,
X, (t) General Case
3 2()
y)=[b, b--b,, b.] +0u(t)
X, (t)
\EE391 Control Systems and Components J
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Observer Form

Y(s) b, s"t+b, 8"+ +bs+hy
U(s) s"+a,_s""'+---+as+a,

n=m+1

)

s"Y (s)+a, 8" Y (S)+---+asSY(s)+a,Y (s) =
b, ,s"U(s)+b, ,s"?U(s)+--+bsU(s)+bU(s)

Y(s)+a,, Y(S)+ +a1Y(S) a()@:
b . U(s) b, U(s) U n(_sl)erOU(ns)
S S S
Y(s)=%{(b U(s)-a,.Y(s))+ %{(bn_zu(s)—an_zY(s))+%(---)+
1

mm)wm}}
X,(5)

\__EE391 Control Systems and Components y
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Observer Form

05/16/2013

X,(5) = SV -aY(S)]  ————> () =BuD-ay()

x2<s>=§{(b1U(s)—a1Y(s))+xl(s)} —— 5, (1) = bu() - a () + X ()

X,(s) = %{(bn_ U (8)=a,.Y (8))+ X, (8)} = %,(t) =b,u(t) —a, .y () + X, (1)

Y(s) = X, (s) > y(t) =X, (t)

\EE391 Control Systems and Components
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Observer Form

B The state space equations in observer form:

Xl(t) 0 0 - —& X:I_(t) bo
RO|_[1 0w a |k b
Xn (t) O O -1 _a:n—l X, (t) bnl—l

X, (1)

X, (1)

X, (1)

Observer Form

yt)=[0 - 0 1] +0u(t)

\__EE391 Control Systems and Components
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Canonical Form

05/16/2013

Y(s)=%U(s) ={is_“l +rO}U(s)

M In case all poles are distinct, we define:
1
X1(5)=qu(5) > % (1) =A% (1) +u()

X(6) = 14““’ > % (1) = X, (0 +u(t)

xn(s);s_ll U(s) > X, (0= 2%, 1) +u(

n

B To construct state space equations in canonical form, we need to perform partial
fraction decomposition to the respective transfer function.

Y (s) =X (8)+1,X,(s)+ y(t) = X () + X, (t)+
LK (8) + U () e+ X (1) +Ru(t)

\EE391 Control Systems and Components

W FACULTY OF ENGINEERING - ALEXANDRLA UNIVERSITY 2013

Canonical Form

* The resulting matrix A is a diagonal matrix.
* The ODEs are decoupled, each of them can be
solved independently.

B The state space equations in case all poles are distinct:

Canonical Form,

O |4 0 - 0 fx@®| |1
RO A OO g
)'(n.(t) 0 0 .. ,1 xn'(t) 1
0 Distinct Poles
y®=[r r, - 1] Xzz(t) +ru(t)
Xn'(t)

\__EE391 Control Systems and Components




05/16/2013

W FACULTY OF ENGINEERING - ALEXANDRIA UNIVERSITY 2013

Canonical Form

equation will be:

I r r-1 r I‘-n— +1
Y(s)=qr,+—2 - 24t - U (s)
{ _ﬂ'l (S /11) (S j’l)p S_ﬂ? S_/ln—pﬁ-l}

B We define:

X4(8) =7U(S) > %, (1) = A% (1) +u(t)

2(>—(_4) us)

_ é X,(5) —— () = A%, (1) + X, (1)
1
(s=4)°

ey X, 1(S) ey X (1) = A X (1) + X, (1)

Xp(S);

U(s)

M In case of repeating poles, for example A, is repeated for p times, the decomposed

*x,(¢) coupled with x,(¢)

*X,4(t) coupled with Xx,

\EE391 Control Systems and Components
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Canonical Form

Xul®) =52 U0 > Kyl = 20, (00D

>(n (S) = U (S) — Xn (t) = ﬂ‘n—pﬁ-lxn (t) + U(t)

T opal

YO=RXEIRXE 0= 1x(0+ 10
X (S)+rxp+1(5) rox (6)+ 60X, (t)+
X (s)+rU(s) C o

p+1X (t) + I U(t)

n p+1

\__EE391 Control Systems and Components
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Canonical Form
BThe state space equations in case of repeating poles:
(@ ] [4 0 0 ][ %@ ] [1]
X, (t) 1 4 0 0 X, (t) 0
: 0 .4 : : :
X, ® |=|0 1 A Xp(t) +| 0 {u(t)
Xp+1(t) : O /12 O Xp+1(t) 1
: : : 1
RAGH _0 0 /Infpﬂ_ RAOCHEEY
Canonical Form,
Repeating Poles
\EE391 Control Systems and Components J
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Canonical Form

BThe state space equations in case of repeating poles:

[ x(t) |
X, (t)

y(t):[rll , - r1p L - rn—p+1:| Xp(t) +rou(t)
X, (1)

i Xn.(t) ]

Canonical Form,
Repeating Poles
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Homework 3:Transfer Function - State Space

05/16/2013

B Find the state-space realizations of the following transfer function in
Frobenius Form, Observer Form, and Canonical Form.

Y(s) S+2

G(s) = =
®) U(s) s®+8s*+19s+12

B Hint: Learn the following functions in Matlab and use the to solve this
problem: roots, residue, convolution.

\EE391 Control Systems and Components
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Homework 3A:Transfer Function - State Space

B Perform a step by step transformation (by calculation of transfer matrix) from the
following state-space equations to result the corresponding transfer function.

0 1 0 0
x(t)={ 0 0 1 |-x(t)+|0]|-u(t)
-3 -4 -2 1

B Verify your calculation result using Matlab.

\__EE391 Control Systems and Components
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Homework 3:Transfer Function to State Space

05/16/2013

B Find the state-space realizations of the following transfer function in Frobenius Form,
Observer Form, and Canonical Form.

Y(s) S+2
U(s) s°®+8s*+19s+12

G(s)

B Hint: Learn the following functions in Matlab and use the to solve this problem: roots,
residue, conv.

\EE391 Control Systems and Components
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Homework 3:Transfer Function to State Space

B Find the state-space realizations of the following transfer function in Frobenius Form,
Observer Form, and Canonical Form.
Y(s) s+2 B bs+b,
U(s) s*+8s*+19s+12 s*+a,s’°+as+a,

G(s)

B Frobenius Form
x®] [0 1 o][x®m] [0
X, () [=| O 0 1| %(@)][+|0]|u(t)
%) | |-12 -19 -8/ x@t)]| |1

10
v =[2 1 0] %) |+0u®
%)
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Homework 3:Transfer Function to State Space

05/16/2013

B Find the state-space realizations of the following transfer function in Frobenius Form,
Observer Form, and Canonical Form.

Y(s) S+2 B bs+b,

U(s) s*+8s°+19s+12 s’+a,s*+as+a,

G(s)=

B Observer Form

x@® ] [0 0 12 x(t)
%) =1 0 —19 || @) |+|1 |u(t)

N

“t] 101 =8| xw®] |0
%, (t)

y(t)=[0 0 1]/ x,(t) |+0u(t)
X, (t)

\EE391 Control Systems and Components
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Homework 3:Transfer Function to State Space

B Find the state-space realizations of the following transfer function in Frobenius Form,
Observer Form, and Canonical Form.

Y(s) S+2 B bs+b,

U(s) s*+8s°+19s+12  s’+a,s°+as+a,

G(s) =

B Using Matlab function, [R,BK] = residue(NUM,DEN),

s+2 _-23 12 e
2 +852+195+12 s+4 s+3 s+1
ho % &

B S—-A4 s-4, s—-/4

\__EE391 Control Systems and Components
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Homework 3:Transfer Function to State Space

B Canonical Form
x®] [4 0 ox®m] [t
X,{A)[=] 0 =3 0 | x(t)[+|1]|u(t)
X, (t) 0 0 -1| x| |1

X (t)
yt)=[-2/3 /2 1/6]| x,(t) |+0u(t)
X (1)
\EE391 Control Systems and Components J
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Homework 3:Transfer Function to State Space

EIMC_Hw3a I [=T S

File Edt Wew Simulation Format Tools Help

0ZHE 2R o |Belel REE

242
= 482219412
Trnater Fon

| x'= AxrBu
v=GxrDu ]
Sate-Spacs
[T e O
Sts =1
3 | = o Bu ] il
¥ = Gx+Du
State-Spacs
Chesner
x'= Ax+Bu oops Each
=

State-Space
Canonical

¥

Ready [100% |ode4s5 v
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Canonical Form

05/16/2013

()] (4 0
M| |0 4
)'(n‘(t) 0 0
Y(t):[rl r

"]

0| x| (1
0 || @) ] (1
. : + N
ﬂ’n Xn (t) 1
% (t)
% (1) +ru(t)
X, (t)

u(t)

B The state space equations in case all poles are distinct:

Canonical Form,
Distinct Poles

* The resulting matrix A is a diagonal matrix.
* The ODEs are decoupled, each of them can be
solved independently.
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Stability

also.

plane of s.

|u(t)| <u, <o, forallt>0

B There are several ways to define the stability of a system. One of them is “BIBO
(Bounded Input Bounded Output) Stability”.

B A system is said to be BIBO stable if every bounded input excites a bounded output

B Bounded input means, there exists a constant u,, such that

B Thus, a SISO system, described by a transfer function G(s) is said to be BIBO stable if
and only if every pole of G(s) has a negative real part.

B Other way stated, a SISO system G(s) is stable if every pole of G(s) lies on the left half
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S st or e s omigm
Stability
B A state space in the form of:
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

is said to be marginally stable if for u(t)=0, every finite initial state x, will excite a
bounded response.

B The state space is said to be asymptotically stable if for u(t)=0, every finite initial
state x, will excite a bounded response and it approaches 0 as t—.

\EE391 Control Systems and Components J
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Controllability

B Consider the n-dimensional state equations with r inputs:

x(t) = Ax(t) + Bu(t)

B The state equations above are said to be “controllable” if for any initial state x(t,) = x,
and any final state x(t,) = x|, there exists an input that transfers x, to x, in a finite
time.

B Otherwise, the state equations are said to be “uncontrollable”.

\__EE391 Control Systems and Components y
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Controllability Matrix

05/16/2013

B The controllability of state equations can be checked using the [nxnr]
controllability matrix:

C=[B|AB | A'B| | 4B

B A state space described by the pair (A,B) is controllable if the column rank
of € = n, or equivalently, if matrix € has n linearly independent columns.

\EE391 Control Systems and Components
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Observability

B Consider the n-dimensional state space equations with r inputs and m outputs:

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
B The state space equations above are said to be “observable” if for any unknown
initial state x(t;) = X,, there exists a finite t,>0 such that the knowledge of the input

u(t) and the output y(t) over the time interval [t,,t,] suffices to determine uniquely
the initial state x(t,).

B Otherwise, the state space equations are said to be “unobservable”.

\__EE391 Control Systems and Components
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e
Observability Matrix

B The observability of state space equations can be checked using the [nmxn]
observability matrix:

IS
I
a
kl\)

B A state space described by the pair (A,C) is observable if the row rank of ¢ = n, or
equivalently, if matrix ¢ has n linearly independent rows.

\EE391 Control Systems and Components
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Example

A state space is given as

505 S50+ |u

y(t)=[1 0]x(t)
Check its controllability and observability.

2_ | [t g 1 1)1y 1§_2 'gglllln;r:'rankot'
__[E!AE]_ 3 % 0 2|3 B 32_6 * The state space is

‘“‘uncontrollable”

[L O]
C | |- 10 * Row rank of
Q = mrm— = 1 _1 = | "t Q - 2 - n
CcA [1 0] 1 -1 * The state space is
0 -2 ‘““observable”

\__EE391 Control Systems and Components
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State Feedback

B Consider the n-dimensional single-variable state space equations:

x(t) = Ax(t) + bu(t)
y(t) = ex(t)

B Main idea: Using measurements of state variables x(t), determine an input u(t)=f(x(t))

such that the dynamic properties of the system can be changed to fulfill a certain
criteria.

\EE391 Control Systems and Components
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State Feedback

2013

r(t) u(t) x(t) ___ x(t) y(t)
b I ¢ ——0
Refe e Mearer
A

— :vector flow
k — :scalar flow

z(t)

B The states x(t) are fed back through a feedback gain k.
B The input u(t) is given by:

u(t) = r(t) - kx(t) k=[k k, - k]
=r()- 2 kx () x)=[x0 %0 - xO

\__EE391 Control Systems and Components
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State Feedback

B Substituting u(t) to the original state space equations,
X(t) = (A -bk) x(t) + br(t)
y(t) = ex(t)

\EE391 Control Systems and Components

% cunor - nasasa sy
Example

Consider a state space

505 2Jx0+]{Juy
yO=[1 2)x0)

]
The controllability and observability matrices are:

§=[§!A§]:|:0§2:| e Column rank of =2

- “controllable”

Cc 1 2
O=|-| =] * Row rank of ¢ =2
- |C4 7 4 - “observable”

\__EE391 Control Systems and Components
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Example

Let us now introduce a state feedback:

ut)=r(t)-[3 1]x(t)
The state space is now:
X(t) = (A - bk) x(t) +£r(t)

B3 o e
(& THs o]
»_'c(t>=:(1) ﬂz(thmr(t) e{

|

¢ Column rankof ¢=2
- “controllable”

- “not observable”
» State feedback may make a state
~~~~~ space become ‘““not observable”

12
2 0]« Rowrankof 0= I
y)=[1 2]x(t) 2

\EE391 Control Systems and Components
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Example

Consider a SISO system with the following state equations:

() =E ﬂz(t){ﬂu(t)

I
The transfer function of the system is:
G(s)=C(sI-A)"'B+D
The characteristic equation, or the denominator of G(s), is given by:
a(s) = det(sI - 4)

_ det[{s—l -3 D
-3 s-1

=(s—1)* - (-3)(-3)

=s°-25s-8

=(s—4)(s+2) e A=4,positive
» Unstable eigenvalues or unstable pole

\__EE391 Control Systems and Components
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Example

Let us now introduce a state feedback:
u)=r(t)-[k  k,]x(t)

The state space is now:
50" s o

The characteristic equation becomes:
. det@s—a—m —(3—k2)D
-3 s-1
=(s—1+k)(s—-1) - (-3+k,)(-3)

=5+ (k,—2)s+(3k, —k -8
V

* The roots of the new characteristic equation can be placed
in any location by assigning appropriate value of k, and k,
» Condition: complex eigenvalues must be given in pairs
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Homework 4

Again, consider a SISO system with the state equations:

13 0
i() {3 Jz(mMu(t)

yt) =[1 2]x(t)
a. If the state feedback in the form of:

u@®) =r(t)-[k, k,]x()

is implemented to the system and it is wished that the poles of the
system will be —3 and —4, determine the value of k; and k,.

b. Find the transfer function of the system and again, check the location
of the poles of the transfer function.
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Homework 4A

05/16/2013

Consider a SISO system with the state equations:

505 3Jx0+] 4w

yt)=[2 3]x(t)

a. If the state feedback in the form of:
u®) =r@)-[k, k,]x(t)

is implemented to the system and it is wished that the damping factor C of the
system is equal to 0.8 while keeping the system stable. Determine the required value
of k, and k,.

b. Find the transfer function of the system and again, check the location of the poles of
the transfer function.

\EE391 Control Systems and Components
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Homework 4

Again, consider a SISO system with the state equations:

505 3504 o

y(t)=[1 2]x(t)
a. If the state feedback in the form of:

u®)=rt)-[k k,]x(t)

is implemented to the system and it is wished that the poles of the system will be —3
and —4, determine the value of k; and k,.

b. Find the transfer function of the system and again, check the location of the poles of
the transfer function.
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Solution of Homework 4

05/16/2013

a. With the state feedback:
u®) =rt)—[k, k,]x(t)
The state equations become:
x(t)=(4- bk x(t)+br(t)

[ 3 ]z(mmr(t)
3k
[ Al

\EE391 Control Systems and Components
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Solution of Homework 4

The characteristic equation is:
a(s) = det(s1 - (4 - bk))

(3 :l) S (1 I:Z)

=(s-D(s—1+k,) - (-3)(-(3-k,)))
=52 +(k, - 2)s + (3k, —k, —8)

The wished poles are —3 and —4, corresponding with the wished characteristic

equation of:
as)=(s+3)(s+4)
=5’ +75+12
Comparing a(s) and E/(s), we obtain:
(k,-2)=7 =k, =9

(3k,—k,~8)=12 =k =29/3=9.6

\__EE391 Control Systems and Components
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Solution of Homework 4

b. The transfer function of the system can be found as:

G(s) = % — (51— (4-bR)) b
[ s-1 -3 1o
2 1]
__(3_k1) S_(l_kz) 1
[s-1 -37'[0
+4i3 2]
1667 s+8] [1
"s+8 3 [0
e 2
B 175412
_ 2s+1
24 T7s+12

o 2s+1
 (s+3)(s+4)

\EE391 Control Systems and Components J
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Solution of Homework 4

Using Matlab, the following function can be utilized:
IR _oixd

Fle Edit Debug Desktop ‘Window Help

O Be@o o | 8f| 2| [ommisemwne =] .

Shorteuts (2] How to Add (2] Vwhat's New

»» A=[1 3;-6.6667 —-8]; B=[0;1]; C=[1 2]; D=0:
»> [NUM, DEMN]=sz2tf (A, E,C,D)

NUM =

1] Z.0000 1.0000

DEN

1.0000 7.0000 1z.0001

>

4 start | v
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State Feedback

B Consider the n-dimensional single-variable state space equations:
X(t) = Ax(t) + bu(t)
y(t) = ex(t)

B For this SISO system, if the pair (A,b) is controllable, there exists a nonsingular
transformation matrix Q such that:

x(t) = Qz(t)
and: ~ ~
3(t) = Az(t) + bu(t) i _ -
y(t) = éz(t) 0 100 0
o o 1 - 0 0
Xvith thAe matrices A =| : , 1_; =|:
A and b given by: O 0 0 - 1 0
—8 —8 —& —a, | _1_
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State Feedback

B The coefficients g, are the coefficients of the characteristic equation of A, that is:
a(s)=det(sI - A4) =s"+a_ _s"" +---+a,5+4,

B The state feedback for the transformed system is given by:
u(t) =r(t) - kz(t)
with:
k=[k Kk - K]
B Substituting u(t) into the transformed system:
(1) = Az(t) + b(r (t) - kz(t))
&0 = (A-bk)z(®) +br()

\__EE391 Control Systems and Components
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State Feedback
0 1 0
0 0 1
it)y=| :
0 0 0
—(ay+k) (& +k) —(a,+k;) -

0 0
2O+ |r(®)

1 0

_(an—l + Izn)_ _1_

B The characteristic equation of the closed-loop system is:
a(s)=s"+(a, ,+k )s" +(a,_,+k ,)s" 7+
ot (@ k) + (@ k)
B If the desired closed-loop poles are specified by p,, p,, ...,p, then:

a(s)=(s—p)(s—p,)--(s—p,)

_an 5 n-1 = 5
=s"+4a, S+ +a5+4,
\EE391 Control Systems and Components J
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State Feedback

that in order to obtain the desired characteristic equation, the feedback
gain must satisfy:

a, +k =3, > :éo a,
a+k,=a > Iz =3 -a
a_t An = vn—l -_— l’(\n = vn—l_an—l

BBy comparing the coefficients of the previous two polynomials, it is clear,

\__EE391 Control Systems and Components
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Example: State Feedback

Consider the following system given in Frobenius Form

0 1 O 0
)=/ 0 0 1 |z(t)+]O0|u(t)
-2 -5 -10 1

It is required that the closed-loop system has the eigenvalues located
at s=—|%j and s=-5.

Find the feedback gain vector E
[ ]

as)=(s+@-j)-(s+@+j))-(s+5) From the state equations we

. . find out that:
=((s+)- ) (s++J)(s+5) f OO
= (s +1)? +1)-(s+5) P=2 1=

2 a5 —>k =8-2-7
=(s*+2s+2)-(s+5) a,=10 =»k,=4a,-a,=-3
=53 +7s%+125+10

L

n & 4 k=g 7 Sl
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Transformation to Frobenius Form

BBy performing the procedure presented previously, we are be able to
place the poles of a controllable SISO system in any location so easily.

BThe condition: The system is written in Frobenius Form.
Hin order to be able to apply this procedure to any controllable SISO

B That means, we need to know the nonsingular transformation matrix Q.

systems easily, we need to transform the systems to Frobenius Form first.
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Transformation to Frobenius Form

B If the controllability matrix of the open-loop system is given by:

C=[plAb| A%} | 4b]

It can be shown that the required transformation matrix Q to transform the system to
a Frobenius Form is given by:

Q:[Ql 4,14 Qn]
where

q,=b

4,,~ Agn + a“—lgn =Ab+ an—lQ

q, ,=Aq  +a,,q9 = A'b+ a,,4b+a, b

q,=Aq,+ag =A""b+a, A" b+ -+a,Ab+ab

* a; are the coefficients of the characteristic polynomial a(s) of matrix A

\EE391 Control Systems and Components J

W FACULTY OF ENGINEERING - ALEXANDRLA UNIVERSITY 2013

Transformation to Frobenius Form
WIn matrix form, the set of equations can be formulated as:

0=(4,14,14,!4,]

a & & a,; 1

a2 a3 1 0
0=[b] b | 4| | 4]
| .

e a, 1 0 0

1 0 0

|1 0

0=¢3 . a, are the coefficients of the characteristic
polynomial a(s) of matrix A
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Transformation to Frobenius Form

x(t) = Ax(t) +bu(t) | XO=020) | z(t) = Az(t) + bu(t)
y(t) = ex(t) > y(t) = éz(t)

Original System Equivalent System
in Frobenius Form

i - Calculate the
The feedback gain for|  z(t)=0"x(t) .
the original system is <_= fehedback gain for
obtained the transformed
system
’”~ _1 A
k=kQ k

\EE391 Control Systems and Components
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Example: Transformation

Two poles at —| are wished for the following system:

) 11 1
(1) =L Jz(t){o}ua)

Calculate the required k.

— o s-1 -1
* Find the characteristic a(s) =det(sf —A4) =det
equation -1 s-1

=(s-D(s-D)-(-D(-D)

= s(s - 2) e unstable
=s’-2s a,=0

I 11 31:—2
« Calculate € 7 e=[b| Ab]= 0 1l

o o
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Transformation to Frobenius Form

05/16/2013

1 1)-2 1] [-11
* Calculate Q Q=Qi:{0 1}{1 0}2{1 0}

Q_l _ 0 1
= |11

* Perform transformation 0 1
Azglég{o 2}

b=0'b=|"
b=0"b=,

* Calculate l_(A a(s)=(s+1)-(s+1)
=s’+2s+1 =1
a=2

O]
Il

aO_aozl I_CA=[1 4]
a4

x
0

2

[

A 0
e Calculate k k= I_{Q ‘= [1 4]’71 1—‘ = [4 5] » Check the new characteristic equation
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Homework 5

A state-space equation of a third-order system is given as:

-1 0 0 1
xt)=[ 0 —2 0 [Z(t)+|1]|u(t)
0 0 -3 1

yt)=[6 -6 1]

a. Perform a step-by-step transformation of the given model to

Frobenius Form.
b. Calculate the required feedback gain k so that the system may have two
conjugate poles at —2+j| and —4.
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I curtor e mosomm sy e
Homework 5A
A state-space equation of a third-order system is given as:
-1 1 0 1
xM) =1 -2 0 [X(t)+|0|u()
0 0 -3 1

y=[6 6 -1]%()

a. Perform a step-by-step transformation of the given model to  Frobenius Form.

b. Calculate the required feedback gain k so that the system may have two conjugate
poles at —1 j3 and -2.

\EE391 Control Systems and Components
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Homework 5

A state-space equation of a third-order system is given as:

-1 0 0 1
X)) =] 0 -2 0 [Z(t)+|1]|u()
0 0 -3 1

yt)=[6 -6 1

a. Perform a step-by-step transformation of the given model to  Frobenius Form.

b. Calculate the required feedback gain k so that the system may have two conjugate
poles at —2+j| and 4.
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Solution of Homework 5
[
a. Transformation to Frobenius Form.
s+1 O 0
* Find the characteristic a(s)=det(sI-A)=det|| 0 s+2 0
equation 0 0 s+3
=(s+1)(s+2)(s+3)
=5°+6s°+11s+6
1 -1 1
* Calculate @ .5 e=[plap| A'p]=|1 -2 4
1 -3 9
a a 1| |11 6 1
g=la, 1 0|=|6 1 0
1 0 O 1 00
\EE391 Control Systems and Components
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Solution of Homework 5

1 -1 1}/11
*Calculate Q Q=€9=|1 -2 4]/ 6
1 -3 9|1
05 -1 05
Q0'=|-05 2 -15
05 -4 45
* Perform transformation 0 1 0
A=0"40=/0 0 1
-6 -11 -6

o R o
o @
N W o
w b ol
L e
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Solution of Homework 5

05/16/2013

b. Finding k.
* Calculate k ais)=(s+2-j)-(s+2+j)-(s+4)
a(s)=s®+8s*+21s+20
a(s)=s’+6s*+11s+6

~

14\ .
10 )k=[14 10 2]
2

(,_QD(OQJ(

2

ok Vo

—8
-8
-a,

I
D

1
3

=~

2

~

e Calculate k k& =I_cgfl
05 -1 05
—[14 10 2]|-05 2 -15
05 -4 45

=[3 -2 1]

\EE391 Control Systems and Components
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Solution of Homework 5

I
c. Direct calculation of k without transformation.

a(s) = det(sZ - (4 - bk))

100 -1 0 0] |1
=det|s|0 1 O|-[| 0 -2 O |-|1][k Kk, ki]
10 0 1] 0 0 3|1
[1 0 0] [-(1+k,) -k, —k,
=det|s{0 1 O-| -k  —-(2+k,) Kk
00 1] [ Kk -k, —(3+k,)
s+(1+k,) K, k,
=det k, s+(2+k,) k, « Complicated to be done
k, k, s+(3+k;)
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Output Feedback

B Consider the n-dimensional controllable single-variable state space equations:
x(t) = Ax(t) + bu(t)
y(t) = ex(t)

B Main idea: Using measurement of output variable y(t), determine an input
u(t)=f(r(t),y(t)) such that the dynamic properties of the system can be changed to
fulfill a certain criteria.

B |n contrast to state feedback, output feedback has less degree of freedom in the
controller parameter.

B However, the output feedback method is superior to the state feedback method from
the practical point of view, because the output y(t) is known and measurable.

B On the contrary, it is almost always difficult, if not impossible, to measure the entire
state vector x(t) due to practical limitations.This can be encompassed by using state
observer which will be discussed later.

\EE391 Control Systems and Components J
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Output Feedback
r(t) u(t) x(t x(t) y(t)
b ﬁ%ﬂv J. c »O
Reference Measured
value value
A <]
j <
= :vector flow

—:scalar flow
B The output y(t) is fed back through a feedback gain j.

B The input u(t) is given by:
u(t) =r() - jy()
=r(t) - jex(t)

M By inspection the state feedback gain k and output feedback gain j are actually
related via the following equation: k < |c
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Output Feedback

05/16/2013

B Substituting u(t) to the original state space equations,
x(t) = (4 - jbe)x(t) + br(t)
y(t) = ex(t)
B The roots of the characteristic equation can now be repositioned through

a(s) = det(sf - (4 - jbc))

B The output feedback has less degree of freedom in placing the poles, thus it may
happen that the location to place the poles is limited.

\EE391 Control Systems and Components
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Example: Output Feedback

Let us redo the previous example with the following state equations:

3 0
505 350+ oy

yt)=[1 1]x(t)
]

The characteristic equation of the given system is:

a(s) = det(s1 — A)

=(s—4)(s+2) « Unstable eigenvalues or unstable pole

Introducing the output feedback,

u(t) =r®) -y =r(t)- jbex(t)
The state space is now:

1 3 0
’—"“){3_] 1_1.}5(0{1}(0
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Example: Output Feedback
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The characteristic equation becomes:

a(s)=detﬂ S_l_ -3 D
-B-1J) s—-(@1-1])

=(s-D(s-(1-J)-B-1NE)
=52+ (j-2)s+(2j-9)

U

* The roots of the new characteristic equation
can be moved to a new stable position

* However, there are cases where the system
cannot be stabilized, i.e., if c=[1 0]
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Example: Output Feedback

File Edit Wiew Simulstion Format Tools Help

E!Mtiﬂutputjeedback =10l x|

DIEEES| BB » =0 Helhey mnBmE-

Unit step
input

Oniginal Syztsm

Sutput Feedback

Ready |100% [ [ |odeds

* Matlab Simulink realization
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Example: Output Feedback

SE| PLL ARE

) Original System P[]

SHCPLL ARRE DA E

Time offeet: 0

* Output of original system * Output of system with output
feedback,j=5

\EE391 Control Systems and Components J

S acuror - A
Example: Output Feedback

Integrator Steady-state
property error

7} Output Feedback

) Qutput Feedback
sECep ABEBE R

7} Dutput Feedbar k

* Output of system with output * Output of system with output
feedback,j = 4 feedback,j= 6
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State Estimator

05/16/2013

MIn previous section, we have discussed the state feedback, based on the
assumption that all state variables are available for feedback.

BMAIso, we have discussed the output feedback, provided that the output is
available for feedback.

BOn the purpose of state feedback, practically, the state variables might be
not accessible for direct connection.The sensing devices or transducers
might be not available or very expensive.

HIn this case, we need a “‘state estimator’ or a ‘“‘state observer’.Their
output will be the “estimate of the state”, provided that the system
under consideration is observable.
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State Estimator

B Consider the n-dimensional single-variable state space equations:
x(t) = Ax(t) +bu(t)
y(t) = ex(t)

where A, b, ¢ are given, u(t) and y(t) are available, and the states x(t)
are not available.

H Problem: How to estimate x(t)?
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Open-Loop State Estimator

B The block diagram of an open-loop state estimator can be seen below:

u(t) x(t) x(t) y(®)
ﬁ{%ﬂ [ c |—o
W
x(t I jc(t) >
A (=

B The open-loop state estimator duplicates the original system and deliver:

x(t) = AX(t) +bu(t)

\EE391 Control Systems and Components J
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Open-Loop State Estimator

B Several conclusions can be drawn by comparing both state equations

x(t) = Ax(t) + bu(t)

N - u(t) X(t)— x(t) y(t)
X(0) = AR()+ bu(t) o b | j: ¢ o
B If the initial states of both equations are
the same, ﬁ(to) = x(ty), then for any t 2 0, 4
X(0) = x(0) T 20 w0
- b =) —t
B If the pair (A,c) is observable, the initial : _ -[ ] i
state can be computed over any time A k=

interval [0,t,], and after setting )_?(to)=)_((to),

then x(t)=x(t) for t = t,.
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Open-Loop State Estimator
B The disadvantages of open-loop
estimator are: u(t) x(t) x(t) y(t)
M|nitial state must be computed o—— b c —>0
and appointed each time the
estimator is used. 1
HIf the system is unstable, any —
small difference between x(t,) o= emmmmeeomssseomesseooooe ==
and x(t,) will lead to even i x(t X(t) §
bigger difference between x(t) —> b _[ i
and x(t), making x(t) unusable. i ]
a Al
\EE391 Control Systems and Components J
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Closed-Loop State Estimator
B The block diagram of a closed-loop state estimator can be seen below:
u(t) x(t) — x(t) y(®)
o = b :’)@:5 j c »O
B In closed-loop estimator,
4 Q(t) = C)_/(\'(t) is compared with y(t) =
— ] - cx(t).
i ~ - Lo , -
E 10 Their difference, after multiplied by
: . the matrix |, is used as a correcting
. term in the calculation of )_/?(t).
_'_> p X(t) J. J ) (1) B If | is properly assigned, the difference
; i J will drive x(t) to x(t).
Al
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Closed-Loop State Estimator

B Following the previous figure,
x(t) = AX(1) +bu(t) + L(y(t) —cx(1))
x(t) = (A—Le) X (1) +bu(t) +1y(1)

* “New” inputs

B We now define

e(t) = x(t) —;(t)

é(t) = x(t) - x(t)
= {Ax(t) + bu(t)} - {(4—Lc) X(t) + bu(t) + 1y (1)}
=(A-1c)x(t) - (A-1c) x()
=(A-1Ic)(x(t)-x(t))

é(t) =(A—Ic)e(t)

\EE391 Control Systems and Components J
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Closed-Loop State Estimator

é(t)=(A-lc)e(t) =———> e(t)=e"""¢(0)

* The time domain solution of
estimation error e(t)
depends on e(0), but not u(t)

Canonical
Transformation

EN)=dEt) > £(1)=eME(0)

A 0 0 e’ 0 . 0]
(|0 A : gt _| O e™ :
I -0 : 0

0 - 0 24, 0 - 0 eM
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Closed-Loop State Estimator

BFrom the fact that £(t) = e2'€(0), we can conclude that:

M |f all eigenvalues of A = (A-Ic) are negative, then the estimation error
e(t) will approach zero as t increases.

B There is no need to calculated the initial states each time the closed-
loop estimator will be used.

B After a certain time, the estimation error e(t) will approach zero and
the state estimates x(t) will approach the system’s state x(t).
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Example: State Estimators

A system is given in state space form as below:

) 2 1 1
z(t){_l Jz(t){JU(t)

y(t)=[1 1]x(t)

(a) Find a state feedback gain k, so that the closed-loop system has —| and -2 as its
eigenvalues.

(b) Design a closed-loop state estimator for the system, with eigenvalues -2 * j2.
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Example: State Estimators

(@) Find a state feedback gain k, so that the closed-loop system has —| and -2 as its
eigenvalues.

a(s) = det(sI — A+ bk)
_ detﬂs—2+k1 ~1+k, D
1+2k, s-1+2k,
=s*+(k, +2k, —3)s+(k,—5k, +3) \ k =4
=(s+1)(s+2) k,=1
(b) Design a closed-loop state estimator for the system, with eigenvalues -2 * j2.
a(s) =det(sI - A +1c)

— et s—2+1, -1+,
1+1, s-1+1,
I

=s?+(l,+1,-3)s+(=2l, -1, +3) — 12 _12
. . 1 l=
=(s+2+j2)(s+2-j2) > l, =19 - [19}

k=[4 1
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Example: State Estimators

ﬂMEistatejeedback ;IEILI

Eile Edit Wew 3Simulation Format Tools Help

DZRE| =R 9r REL®| > =

Ready [100% | | |odeds 4

=[]
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Example: State Estimators

05/16/2013

[=IMC_OL_State_Estimator

Fle Edt View Smulation Format Tools Help

=1oj x|

NECERE O

) Output Comparison

ElEEA Y
Step
\\J" Original System
ke (Using State Feedbadk) Output
Comparison
k (Using State Feedback)
Ready [100% [ I [odeds 4 o If XX, hen f i f ti
4 Xy # Xg, then for a certain amount of time

0
0

[o2
1

Xg =

v Xp

there will be estimation eryor e = x — x, which
in the end will decay to zero

For unstable system,

e = <, no decay
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Example: State Estimators

[SIMC_CL_State_Estimator

Fle Edt Wew Smdaton Format Inols Help

JT=e

DEHE el (o hEs |, =

Step

Original System
(Using State Feedback)

Co

OL State Estimator
k (Using State Feedba)

EEErNEN Y

Qutput
mparison

+ Although x, # x,, in a very short time

Ready [100% [ Jodeds

the estimation error decays to zero

0
0

N

X =

0.2
X0 = 1|

* Estimation error e will also decay in
case of unstable system
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Homework 6: State Estimators

(2) For the same system as discussed in previous slides, design another
closed-loop state estimator, with eigenvalues at —3 and —4.

(b) Compare the performance of the estimator in the previous slides and
the one you have designed through simulation using Matlab Simulink.

(c) Give some explanations of the comparison results.
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Homework 6A: State Estimators

(@) For the same system as discussed in previous slides, design another closed-loop state
estimator, with eigenvalues at
—0.5 £ jl.This means, the eigenvalues of the estimator is to the right of those of the
system, which is —I and 2.

(b) Compare the performance of the estimator in the previous slides and the one you
have designed through simulation using Matlab Simulink.

(c) Give some explanations of the comparison results.

\__EE391 Control Systems and Components y




05/16/2013

W FACULTY OF ENGINEERING - ALEXANDRIA UNIVERSITY 2013

Homework 6: State Estimators

(@) For the same system as discussed in previous slides, design another closed-loop state
estimator, with eigenvalues at

-3 and 4.

(b) Compare the performance of the estimator in the previous slides and the one you
have designed through simulation using Matlab Simulink.

(c) Give some explanations of the comparison results.
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Solution of Homework 6: State Estimators

The system is rewritten as:

50| %) 10w

y(t)=[1 1]x(t)
(2) Design another closed-loop state estimator, with eigenvalues at —3 and —4.

a(s) =det(sl—A+lc)
_ det s—2+1, -1+,
1+, s-1+1,

=s”+ (I, +1,-3)s+ (=21, -1, +3) | +1,-3=7 l _19
=(s+3)(s+4) 2l -1,+3=12 |29
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Solution of Homework 6: State Estimators

[S]MC_HWT_CL_State_Estimator = |
(b) Compare the performance of both & oa i e o’ . — 2 0e wam &

closed-loop state estimators. T
B AL B

-
Orgial Emm
Mg fum Fesdtack

[

»»»»»

[y Sl Fosatesk)

uuuuuuuuuu

Boady 1o | I oS e
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Solution of Homework 6: State Estimators

GEOLH HBE B A%

:y{t)
w— (1), | = [-12;19]
— (1), 1 = [-19;29]

* What is the difference?
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(c) Give some explanations of the comparison results.

lemlor o hEBEE

:y(t) — y(),
1=[=1219]

—y(®) - y(2),
1=[-19;29]

Time offsst: 0

* If the eigenvalues of a closed-loop estimator lie further to the left of
imaginary axis, then the estimation error decays faster

* A faster estimator requires larger estimator gain, larger energy, more
sensitive to disturbance
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Transformation to Observer Form

B The calculation of state estimator gain I can only be done for observable SISO
systems.

B The procedure presented previously can be performed easily if the system is written in
Observer Form.

B The original system needs to be transformed using a nonsingular transformation
matrix R.
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)
Transformation to Observer Form
B |f the observability It can be shown that the required transformation matrix R™'
matrix of the open- to transform a given system to an Observer Form is given
loop system is given by: 3
by: R =50
<] I a a_, 1l]r .
g A a 2 a3 n-1 ““g““
o a, a; - 1 0 cA
U= CA a, . o I it
***** R'=| " | e’
_gén_l_ a, 1 0 0 “C*'t;-ﬁ':i
1 0 ojL—
— —1 '\/‘
J o
\EE391 Control Systems and Componelills J
S acuror - A T

Transformation to Observer Form

B With the pair (A,c) being observable, the transformation follows the equation:
x(t) = Rz(t)

A b
so that: I 1 i
2, (t) 0 0 - -a Z t) bo

Z.n (t) 0 0 1 —a ][ Z, (t) bn—l

¢ z,(t)
| —
y)=[0 - 0 1] %)

z,(t)

o 1S o
I
= |§
SHING

>

[
10|
1=

\__EE391 Control Systems and Components




05/16/2013

W FACULTY OF ENGINEERING - ALEXANDRIA UNIVERSITY 2013

Transformation to Observer Form

B The characteristic equation of the transformed system can easily be found as:
a(s) =det(sI—A4) =s"+a_,s"" +---+as+a,
B After connecting the closed-loop state estimator, its output can be written as:

2t =(A-1¢)2(0) +bu(t) +Iy(t)

with:

\EE391 Control Systems and Components J
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Transformation to Observer Form

B Further matrix operations yield:

0 0 - —(a+h) |
10 - —(a+D)

HOE (1) +bu(t) +Iy(t)

0 0 1 —(a,+l)]
B The characteristic equatign of the cIosed:Ioop estimator is now:
a(s)=s"+(@,,+1,)s" +(,,+1 ,)s"+
ot (@ h)s+ (3 +1)
B If the desired poles of the closed-loop estimator are specified by p|, p,, ...,p, then:

a(s)=(s—p)(s—p,)---(s—p,)
=s"+a ,s"" +---+a5+4,
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Transformation to Observer Form

B By comparing the coefficients of the previous two polynomials, it is clear; that in order
to obtain the desired characteristic equation, the feedback gain must satisfy:

a—a,
> |,=a-a,

a0+|1:éo > IA1
&4

\EE391 Control Systems and Components
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Transformation to Observer Form

%(t) = Ax() +bu(t) | x(®=Rz()
y(t) =cx(t)

Original System

the original system is
obtained

I=RI

2(t) = Az(t) + bu(t)
y(t) = éz(t)

Equivalent System
in Observer Form

The feedback gain for 2(t) =R x(1)

Calculate the state
estimator gain for the
transformed system

[~)>
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Example: State Estimators

05/16/2013

Let us go back to the last example.

50| % 10+

y(t)=[1 1]x()

Previously in part (b), the desired closed-loop state estimator for the system should have
eigenvalues at -2 * j2.

Redo part (b), now by using the transformation to the Observer Form.

\EE391 Control Systems and Components
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Example: State Estimators

a(s) = det(sI - A) {_ T 1
s-2 -1 R=
=detq D 1 2]
=5 <3s Jrlé o Checking the Obs?gver I;orm,
.o A=R"AR = _}\/
I 1 3
O Cl a1 N i
—|ca| |1 2 c=cR=[0 1]y

1 0 1 0]
R'=50 - -2 -1]
- - 1 1 i
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Example: State Estimators

The desired characteristic
equation of the state observer is:

Now, if the desired poles are
—3 and —4, we can repeat the
calculation as follows:

as)=(s+2+ j2)(s+2-j2) e
—s2445+8 a(s)=(s+3)(s+4)
v o =5’ +7s+12
v A
Il:é" %=8-3=5 | =a,-a=12-3=9
l,=a,-a=4-(-3)=7 2% 8= e
l,=a - =7 (-3)=10
IH , 9}
!:
or the transformed system 10

For the transformed system

- [-12
[=RIl=
n

For the original system
\EE391 Control Systems and Components J

~ [ -19
[=RIl= For the original system
- 129
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Homework 7

Consider the following linear system given by:

-1 2 0 1
x()=|1 -3 4 | x(t)+]| 2 |u(t)
-1 1 -9 -1

y=[1 0 1] x(t

(@) Using the transformation to the Observer Form, find the gain vector I of the
closed-loop state estimator if the desired poles are —3 and 4 * j2.

(b) Recall again the output feedback. In observer form, its effect on the characteristic
equation of the system can be calculated much easier. By calculation, prove that
the poles of the system cannot be assigned to any arbitrary location by only

setting the value of output feedback j.
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Homework 7A
Consider the following linear system given by:
-6 -11 -6 -1
x(t)={1 0 0| x(t)+| 0 |u(t)
0O 1 O 3

y)=[0 1 1] x(t)

(a) Calculate the eigenvalues and eigenvectors of the system. Is it stable or unstable?

(b) Using the transformation to the Observer Form, find the gain vector I of the
closed-loop state estimator if the desired poles are —| + j2.5 and -3.

\EE391 Control Systems and Components
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Homework 7

Consider the following linear system given by:

-1 2 0 1
x()=|1 -3 4| x()+]| 2 |u(t)
-1 1 -9 -1

yt)=[1 0 1] x()

() Using the transformation to the Observer Form, find the gain vector I of the closed-
loop state estimator if the desired poles are —3 and —4 + j2.

(b) Recall again the output feedback. In observer form, its effect on the characteristic
equation of the system can be calculated much easier. By calculation, prove that the
poles of the system cannot be assigned to any arbitrary location by only setting the
value of output feedback j.
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Solution of Homework 7
a(S)=d§t(Sl—zé) ~0.0361 0.2048 —0.4940
=S +..1é§3 +33s+13 W R-| 00843 -0.1446 —0.1807
2 & % 0.0361 —-0.2048 1.4940
1 0 1
0=—2 3 -9
14 22 93 Checking the Observer Form:
- 00 -13
33 13 1 idio | ¥
g=18 10 0 1 -13
1 00 45
21 17 9 5-l13
R'=|11 3 4 0
1 0 1
=[0 0 1]
\EE391 Control Systems and Components J
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Solution of Homework 7

(a) Find the gain vector [ of the

desired poles are —3 and
—4 *j2.

The desired characteristic
equation of the state observer is:

as)=(s+3)(s+4+ j2)(s+4-j2)
=5 +11s% + 445 + 60
&J L &

a4 a &
|, =&,—a,=60-13=47
l, =8 -a =44-33=11
l,=4,-a,=11-13= -2

closed-loop state estimator if the

For the transformed system

1.5422
I=RI=| 2.7349
~3.5422

For the original system
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Solution of Homework 7

(b) Prove that the poles of the system cannot be placed freely by only
setting a single variable j of output feedback.

0 0 -13 46

x(t)=|1 0 -33| x(t)+|13|u(t) - Transformation Result,
0 1 -13 0 Observer Form

y)=[0 0 1] x(t)

x(t) = (4 - jbe)x(t) +br(t)
y(t) = ex(t) * Output Feedback

\EE391 Control Systems and Components
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Solution of Homework 7
X (t) = (4 - jbe)x(t) +br(t)

0 -13] [46
x(t)=|[1 0 -33|-j[13|[0 O 1] |x(t)+br(t)
1 -13 0

0 -13] [0 0 46
il0 0 13]|x(t)+ar(t)
1 -13] [0 0 O

—

Il
IR
|
w
w
|
—

[0 0 —(13+46))

=1 0 —(33+13]) [x(t)+br(t) - Only a,and a, can be adjusted, both
0 1 _13 dependent to each other

- * The poles of the system cannot be placed
in any wished position

= a(s) =s* +13s® +(33+13j)s+(13+46 )
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Feedback of Estimated States
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B The estimated states will now be used to change the behavior of the system, through
state feedback.

B Consider the n-dimensional single-variable state space equations:
x(t) = Ax(t) +bu(t)
y(t) = ex(t)

B If the pair (A,b) is controllable, then the state feedback
u(t) = r(t) — kx(t) can place the eigenvalues of (A—bk) in any desired positions.

B If the state variables are not available for feedback, then a state estimator with
arbitrary eigenvalues can be designed for the system, provided that the pair (A,c) is
observable.

\EE391 Control Systems and Components

2013
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Feedback of Estimated States

r(t) u(t) y(®)

+ » Plant 2®

/

a \ A J
x(t)

:— State
k Estimator

‘“Controller-Estimator
Configuration”
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Feedback of Estimated States

B We recall again the state equation of the state estimator:
x(t) = (4~ 1e)X(t) + bu(t) + Iy ()

. A
B The rate of how the estimated states X(t) approach the actual states x(t) can be
adjusted by selecting an appropriate value for matrix I.

B Because x(t) is not available in the configuration, it is replaced by )_/;(t) for feedback:

u(t) =r(t) - kx(t)

\EE391 Control Systems and Components J
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Feedback of Estimated States

B Substituting the last equation to the original system and the state estimator, will yield:
x(t) = Ax(t) - bk x(t) + br(t)
X(1) = (4~ le~bk) £(t) +br(t) + Iy()

B The two equations above can be combined in a new state space equation in the form
of:

ol aes) 01
R = O+ r(t)
x(t)| |lc A-lc-bk| x(t)| |b

-l 030)]
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Feedback of Estimated States

05/16/2013

B To analyze these closed-loop systems, it is convenient to change the state
variables by using the following transformation:

x] [ x®) | [1 0][x
et) | |x®)-x®) | |L -I] x@)
[

P, P'=pP

B After performing the equivalence transformation, the following state
equations can be obtained:

F(t)}{é—l_ﬂ_f bk H)_C(t)} +Hr(t)
e(t) 0 A-lc|le®)] |0

-l o 20|
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Feedback of Estimated States

B The eigenvalues of the new system in the “controller-estimator
configuration” is the union of those of (A-bk) and (A-Ic).

BThis fact means, that the implementation of the state estimator does not
affect the eigenvalues of the system with state feedback, and vice versa.

B The design of state feedback and state estimator are separated from
each other.This is known as “separation principle” or “separation
property.’
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Feedback of Estimated States
M [Franklin, Powell, Emami-Naeini] recommends that the real parts of the state
estimator poles be a factor of 2 to 6 deeper in the left-half plane than the real
parts of the state feedback poles.
Estimator Faster decay of
poles deeper estimation error
to the left
Larger magnitude Saturation and
of estimator gain =% unpredictable non-
linear effects
High sensitivity to
noise and disturbance
\EE391 Control Systems and Components J
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Reference Input in State Feedback

B The state feedback has been proven to be able to place the poles of closed-loop
system in arbitrary locations, and therefore can be used to design the transient
response of a system.

B However, the steady-state response is still neglected until now, and the system will
almost surely have a nonzero error to a step input.

u(t) =r(t) - kx(t)

Reference Value

B Now, two ways to incorporate the tracing of reference input while using state
feedback will be introduced:

B Pre-scaling/ Pre-amplifying
M Integral Control
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Tracing of Reference Input: Pre-Scaling

B If the desired value of the states and the required process input to reach them are
x.(t) and u.(t), then the new feedback formula should be:

u(t) =u, (t) -k (x(t) - x, (1))
L 1f x(t) — x,(t), then u(t) — u,(¢)

B Consider again the n-dimensional state space equations:

x(t) = Ax(t) +bu(t)
y(t) = ex(t)

M |n steady-state condition, these equations reduce to:
0= Ax, (t) +bu (t)

Yo (1) = cx (1)

\EE391 Control Systems and Components J
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Tracing of Reference Input: Pre-Scaling

B Now, comparing the values from the above equations and the desired values, we obtain:
Y () =r(t)
X, (1) =x, (1)
U, (t) = u, (t)
M Let us now define:
x, () =Nr(t)

USS (t) = Mr(t) * How? Why?

B The equations in steady-state condition can now be written as:

e ] o WHE TR
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Tracing of Reference Input: Pre-Scaling

B After finding N and M, the required input to the system, u(t), that guarantees zero
steady-state error to a step input can be calculated as:

u(t) =u, (t) — k (x(t) - x, (1))
u(t) = Mr(t) — k (x(t) - Nr(t))
=(M +EN)r(t)-kx(t)
|

E * New scalar gain for r(t)

r(t) u(® y(®
o— M+kN Plant ——o
Pre-scaling
gain X(t)
k ——
\EE391 Control Systems and Components J
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Example: Pre-Scaling

Referring again to the state-space equation that has been used before,

s0- % 1500 o
yO=[1 1x0

For the desired eigenvalues of —| and -2, it is already calculated that the required
feedback gain is k = [4 1].

Now, it is desired that the output y(t) should follow
r(t) = 1.5(t). Calculate the gain E for the reference value r(t)
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Example: Pre-Scaling

05/16/2013

—

[N] [4 b]'[0

M| [¢ 0] |1

N 2 1 170 ~0.25

M:—llz 0| =|1.25

=11 0] |1 ~0.75
[-0.25

—N-= . M =-0.75
| 1.25

ol

E=(M+kN) :(-o.75+[4 1][_1?'2255D =-05
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Example: Pre-Scaling

lemlopo ABRE BE %

Step Response Without
Reference Gain E

right scope.

laB|crp ABE B E &

Step Response With
Reference Gain E

* The previous steady-state value of the system is y(») = -3, see left scope.
* The reference gain (E =-0.5) invert y(~) to the desired value of r(t) = 1.5(t), see
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Tracing of Reference Input: Integral Control
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B The integral control is included by augmenting the state vector x(t) with the desired
dynamics, such that the states of the system is increased, but still with the same form of:

x(t) = Ax(t) + bu(t)
y(t) = ex(t)

B The feedback is set to contain the integral of the error, e = r—y, as well as the state of
the system, x(t).

B We add the existing state with an extra integral state x,,, given by the following
equation:

Xy (1) = ()~ ex ()= e (t)

This implies that

X (1) = [ e(t)ct
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Tracing of Reference Input: Integral Control

B The augmented state space equations become

el al kel

with the feedback law —to incorporate the feedback k gain and integrator gain k;,— is
chosen as

U(t) - —I_Cx(t) - kint Kint (t) = _[kim ]_€]|:X;ti|

r(t u(t t

|
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Tracing of Reference Input: Integral Control

B Substituting u(t) to the augmented state space equations,

e e 5]
Pl sl )

B The characteristic equation of the augmented system is now given as

—det| sI 0 €
A(s) =de s‘_[—kimlg A—l_ﬂj

with the possibility to place the poles by means of k and k..

\EE391 Control Systems and Components
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Example: Integral Control

The scheme should now be implemented on the state-space equations that has been used

before
’ 2 1
50| %) 1|0+ o

y(t)=[1 1]x()
with the desired eigenvalues of —| and -2, and r(t) = 1.5(t).

The third eigenvalues is assumed to be-3.
The augmented state-space equations is given by:

Xint i 0 -c Xint 1

= + r
X __kinté A-bk X 0
, 0 =] 1 .
X X.
“}z 2ok 1ok, [H }r
X x| [0

|2k, -1-2k 1-2k,

The integrator increases the order of the system by one to become a third-order system.
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Example: Integral Control

05/16/2013

=5 +6s*+11s+6
=(s+D(s+2)(s+3)

-k, =10,k, =05,k =1.5

= 5%+ (k, + 2k, —3)s? + (k, — 5k, — 3k

0 -1 -1
a(s) =det| sI—| -k, 2—-k,  1-k,
-2k, -1-2k 1-2k,
S 1 1
a(s)=det|| k,, s—-(2-k) —(1-k,)
2k, 1+2k, s—(1-2k,) |

int

+3)s+4k,,
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Example: Integral Control

EME_Integral_Euntrul =10] x|
File Edit Wew Simulation Formak  Tools  Help

D SEH&| %@ e » =fo HBeB&n mBE T &

J_ : [

- 8 1 =E&~—
Stap Integmtar  kint= 1.5 E Stats Feedback
[=]
k= [0 -0.5]

Ready |10 [ |ode4s v
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Example: Integral Control

) state estbocks
IS S

Third pole at s =-3 Third pole at s =-0.5
k, =10,k, =-0.5,k;,, =1.5 k, =5,k, =0.75,k;,, = 0.25

* What conclusion can be taken?
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Homework 8

Refer to the last example.
(a) Calculate the transfer function G(s) of the system.

(b) Calculate the steady-state value of the system to a unit step input, using the Final
Value Theorem of Laplace Transform.

(c) Determine the gain K so that the steady-state response of K-G(s) has zero error to

a unit step input.

(d) Find out the relation between the transfer function gain K and the reference gain E.
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)
Homework 8A

It is desired that the following linear system has zero steady state error to a unit step
input. Find the solution by using:

12 0 1
xM=l1 -3 4|x®+ 2|u®
1 1 -9 -1

yt)=[1 0 1] x(t

(@) Pre-scaling method, by calculating the gain E.

(b) Integral control method, by calculate the gain [k, k].
Hint: Assume the additional pole to be —| and do not move the original poles of
the system.

(c) Implement the original system, the system at (a) and the system at (b) in one
Matlab Simulink file and compare the outputs.
Hint: For the matrix calculations, you may use Matlab.VVrite down or print the
result on your homework papers.
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Homework 8

Refer to the last example.
(@) Calculate the transfer function G(s) of the system.

(b) Calculate the steady-state value of the system to a step input, using the Final Value
Theorem of Laplace Transform.

(c) Determine the gain K so that the steady-state response of K-G(s) has zero error to
a step input.
(d) Find out the relation between the transfer function gain K and the reference gain E.
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Solution of Homework 8

(a) Calculate the transfer function of the system in s-Domain.

G(s) = e(sI— A+ bk) =)
U (s)

oy 33 e o
ol 12 30 4T
I

: 11_5_*91 vea) ]

=[1 1

—_—

s?+35+2
3s-4
G(s) =
(5) 52 +35+2
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Solution of Homework 8

(b) Calculate the steady-state value of the step response of the system, using the Final
Value Theorem of Laplace Transform.

y(e0) =limy(t) =1im sY (s) =lim s G(s)U (s)

. -4 1
:||m5.2—._
>0 §°4+35+2 S
_ A

2
=
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Solution of Homework 8

05/16/2013

(c) Determine the gain K so that the steady-state response of K-G(s) has zero error to a
step input.

y(e0) =1im s G(s)U (s) = -2

y(e0) =1lim s-KG(s)U (s) = u(0) =1(t)
=K=-05

(d) Find out the relation between the transfer function gain K and the
reference gain E.

K=E
K 2
bO
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