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Abstract
We derive a closed-form formula for the nonlinear interference in few-mode fibers (FMFs) in strong
coupling regime. We also formulate an expression for the nonlinear FMFs capacity. This is carried
out by extending the Gaussian noise model (GN-model), that has been used with single-mode
fibers (SMFs), to FMFs. We inspect the derived formulas over a mode-division multiplexing (MDM)
system that carries wavelength-division multiplexed (WDM) signals on each polarization of every
spatial mode. The nonlinear coupling among three co-propagated modes reduces the average
optical signal-to-noise ratio (OSNR) by about 11.5 dB when compared to single-mode propagation.
Also, a differential mode group delay (DMGD) of 300 ps/km between the fundamental mode LP01
and the other two modes Lp11a(b) reduces the nonlinearity penalty by about 10%.

Keywords: Few-mode fibers (FMFs), four-wave mixing (FWM), Gaussian noise model, mode-
division multiplexing (MDM), nonlinearity modeling.

1. Introduction

As single-mode fibers (SMFs) are approaching their nonlinear capacity limit in the near future,
space-division multiplexing (SDM) is becoming the next-generation candidate that increases the
capacity per fiber [1]. SDM systems use the space as a new dimension. This is normally carried out
by multiplexing the data using either different modes of a FMF (called MDM) or different cores
of a multicore fiber. However, fiber nonlinearity is an important limitation in long haul transmis-
sion systems [2]. Therefore, studying the nonlinear interaction in FMFs is crucial to evaluate the
viability of MDM for long haul transmission. Good efforts have already been made to model the
impacts of nonlinear propagation effects on the performance of SMF systems. One of these mod-
els is the GN-model [3], which name refers to the main assumption of the Gaussianality of both
the signal and nonlinear interference. The GN-model assumes that the signal is divided into spec-
tral components, and then uses a four-wave mixing (FWM)-like approach to consider the different
nonlinearity impacts [3]. A limited number of studies have been conducted on the nonlinearity in
FMFs [2, 4–6]. In [5], a model has been proposed for evaluating the nonlinearity in FMFs. In [6],
we have derived a simple analytical formula for addressing the nonlinear interference in FMFs in
case of no coupling among spatial modes. In practice, the linear coupling or crosstalk among spatial
modes cannot to be avoided [7].

In this paper, we extend our work in [6] by considering the strong coupling among spatial modes.
Specifically, we derive a simple analytical formula, that measures the impact of nonlinearity on
the system performance in the presence of coupling in FMFs, and develop a new expression for the
nonlinear capacity of FMFs. Using our developed formula, we evaluate the impact of nonlinearity
on both optical signal-to-noise ratio (OSNR) and maximum reach. The effect of differential mode
group delay (DMGD) is considered in our evaluation as well. In addition, we demonstrate the FMFs
capacity for different modulation formats and the trade-off between the capacity and the maximum
reach of FMFs.

2. GN-Model for FMFs in Strong Coupling Regime

The frequency domain generalized Manakov equation that describes the electric field propagation
through FMFs at the presence of strong coupling among spatial modes can be written as in [7] as
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where �E is a 2N vector that represents the electric fields in the frequency domain for N spatial
modes with two polarizations, z is the propagation distance, α is the attenuation constant and is
assumed equal for all modes, ω is the angular frequency, �E� refers to the conjugate of vector �E,
and ∗ refers to the convolution process. The average group velocity dispersion (GVD) β̄2 is equal
to the summation of the GVDs for all modes divided by 2N, γ is identical to the nonlinear coeffi-
cient of SMFs, and δpq is the Kronecker delta function. fpq

def
=

(
Ae f f /IpIq

)∫∫ ∣∣Fp(x,y)
∣∣2 ∣∣Fq(x,y)

∣∣2 dxdy
represents the inter-modal nonlinear coupling coefficient between spatial modes p and q in case of
p �= q and intra-modal nonlinear coupling coefficient in case of p = q, where Fp(x,y) is the spatial
mode profile function for mode with index p, Ae f f is the effective area of the fundamental mode,
and Ip =

∫∫ ∣∣Fp(x,y)
∣∣2 dxdy.

The right-hand side of (1) is divided into two parts, the first is the linear part including the
attenuation and dispersion, and the second is the nonlinear part due to Kerr effect in FMFs. The
last term in (1) is a double convolution and is assumed as an independent source term. The solution
of that differential equation is divided into a linear part (i.e., the solution of the equation in case
of no nonlinearity) and a nonlinear part. The nonlinear solution is difficult to be obtained directly.
Therefore, we use the GN-model for obtaining a perturbative solution for that part.

The GN-model is a FWM-like model based on dividing the signal spectrum into spectral com-
ponents and expressing the nonlinearity in a way similar to the classical formula of FWM [3].
Here, we adapt the GN-model, already used with SMFs, to FMFs and follow a similar procedure as
in [3] to obtain an analytical expression for the nonlinear interference. The model assumes that the
transmitted signal on each mode is a WDM signal modeled as a Gaussian noise-like-signal with
independent spectral components. In addition, the effect of the nonlinear interference (NLI) on the
transmitted signal is modeled as an additive white Gaussian noise (AWGN) which is statistically
independent from the amplified spontaneous emission (ASE) noise. The OSNR can thus be written
as OSNR = Ptx,p/(PASE +PNL), where Ptx,p is the transmitted power per mode, PASE is ASE noise power
and PNL is the NLI power, which is estimated by integrating its power spectral density (PSD) QNL( f )
over the noise bandwidth as PNL =

∫
QNL( f )d f .

After a rigorous mathematical analysis, QNL( f ) is obtained by statistically averaging the power
of the nonlinear electrical field, then applying the signal and model assumptions. At Nyquist case,
where the channel bandwidth Bch is equal to both the sampling rate Rs and the channel spacing Δ f ,
we formulate a closed-form expression for the NLI as a noise power per mode at the center channel
of the WDM, that is given by:

PNL,p =
3

16
Ns
(
γκLeff

)2
(

P
NBch

)3

∑
h

(arcsinh(ψ+)+ arcsinh(ψ−)
πβ2hLe f f

)
Bn, (2)

where

ψ± =

√
3

4
πLeffBω

(√3
2

πβ2hBω ±Δβ1ph

)
, (3)

Δβ1ph = β1h −β1p is the DMGD between modes with indices (p,h), and β1h and β1p are the inverse of
group velocity for mode with indices p and h, respectively. β2h is the GVD for mode with index h in
ps2/km, P is the total transmitted power, Leff = (1− e−αLs)/α is the effective length, Bn is the noise
bandwidth, and Bω = NchBch is the total WDM bandwidth. Also Ns, N, and Nch, are the number of
spans, spatial modes, and WDM channels per mode, respectively.

By assuming matched electrical filtering at the receiver and that the received signal is free of
intersymbol interference (ISI), we can get the electrical signal-to-noise ratio (SNR) using the rela-
tion SNR = (Bn/Rs)OSNR. By applying the SNR expression to the capacity formula for polarization-
multiplexed (PM) optical channels C = 2 Rs

Δ f log2(1+SNR) [8], we get a closed-form expression for the
capacity of PM-FMFs as

C = 2∑
p

log2

(
1+

Ptx,p

BnNsF(G−1)hν +PNL,p

)
, (4)

where F is the optical amplifier noise figure, h is plank’s constant, ν is the center channel frequency,
and G is the amplifier gain.
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 3. Model Results

The proposed model is evaluated over a MDM system using FMFs supporting three spatial modes
LP01,LP11a, and LP11b, each with dual polarization states as in [9]. The dispersion coefficient equals
19.3 ps/nm.km for LP01 mode and equals 18.3 ps/nm.km for both LP11a and LP11b at 1540 nm
reference wavelength. The nonlinear coefficient γ = 1.77 W−1km−1 and the nonlinear coefficient
tensor fpq [9] is listed in Table 1. The attenuation coefficient is α = 0.226 dB/km.

Table 1. Non-zero calculated values of fpq for three modes: LP01, LP11a, and LP11b.

LP10 LP11a LP11b
LP10 1 0.496 0.496
LP11a 0.496 0.747 0.249
LP11b 0.496 0.249 0.747

The fiber is divided into ten spans, each with 100 km length. The span loss is completely compen-
sated using ideal few-mode erbium-doped fiber amplifiers (EDFAs) with 6 dB noise figure located
at the end of each span. Each spatial mode carries nine WDM channels at Rs = 32 Gbaud and chan-
nel bandwidth Bch = 32 GHz. Each WDM channel carries two QPSK signals through polarization-
division multiplexing (PDM) with 100 Gb/s data rate plus 28% for forward error correction (FEC)
and network protocols overhead. We assume that the dispersion is compensated at the receiver
using digital signal processing to isolate the effect of nonlinearity on the system performance.

Figure 1 shows the nonlinear penalty impacts on the OSNR and the maximum length that FMFs
can reach for different number of co-propagating modes (1, 2, and 3). In Fig. 1-a, the effect of non-
linear interaction between modes becomes more significant by increasing the transmitted power.
When, the transmitted power exceeds 5 dBm, the average OSNR (for three co-propagating modes)
is decreased by about 7 dB when compared with single-mode propagation (only LP01). Furthermore,
the increase of DMGM to 300 ps/km (between the fundamental mode LP01 and the other two modes
Lp11a(b)) reduces the nonlinear penalty by approximately 2 dB compared to the zero DMGD case.
Fig.1-b shows a similar behavior in terms of the maximum reach at BER = 10−3 before FEC. It is a
clear that the DMGM increases the maximum reach that can be achieved by FMFs.

−1 1 3 5 7 9
6

8

10

12

14

16

18

20

22

24

O
SN
R

 [dBm]

Non
line
arit
y−fr

ee

200 400 1000 2000 4000 8000
−2

0

2

4

6

8

10

P t
x,
p

 [km]

No
nl
in
ea
rit
y−
fre
e

LP
01

LP
01

+LP
11a

LP
01

+LP
11a

+LP
11b

LP
01

LP
01

+LP
11a

LP
01

+LP
11a

+LP
11b

DMGD= 0 ps/km
DMGD= 300 ps/km

[d
B

m
]

[d
B

]

DMGD= 0 ps/km
DMGD= 300 ps/km

BER=10−3

Ptx,p LMax.

Fig. 1. a) OSNR versus launch power per mode over FMFs (LP01,LP11a,b), b) maximum reach versus
launch power per mode for different number of propagating modes at two distinct DMGD cases.

Figure 2 shows the effect of transmitted power and reach on the system capacity for different
constellation levels: QPSK, 16-QAM, and 64-QAM. From Fig. 2-a, it is clear that the impact of
nonlinearity is negligible at low constellation levels but it becomes significant at high constella-
tion levels. The top curve (diamond) shows the maximum theoretical capacity that the system can
support under nonlinearity regardless of the constellation level. The results in Fig. 2-b shows the
trade-off between distance and capacity for different modulation formats. Increasing the level of
the constellation can achieve a higher capacity, but over a shorter distance.
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Fig. 2. a) Capacity versus transmitted power for different modulation techniques, b) capacity versus
fiber length for different modulation techniques.

4. Conclusion

We have extended the GN-model for FMFs to address the impacts of nonlinearity penalty in strong
coupling regime. A closed-form formula for NLI power has been derived and an expression for
nonlinear capacity of strong-coupled FMFs has been introduced. Using the proposed model, we
have verified that the DMGD reduces the impact of nonlinearity on the system performance. In
addition, we have quantified the tradeoff between the capacity and the maximum reach when
limited by the nonlinear coupling among spatial modes.
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