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Performance Analysis of SAC-OCDMA Systems
Adopting Overlapping PPM Schemes

Hossam M. H. Shalaby, Senior Member, IEEE

Abstract—A fertile technique, for increasing single-user
throughput while keeping a constraint on the light pulsewidth, is
proposed for spectral-amplitude-coding optical code-division mul-
tiple-access (SAC-OCDMA) systems. In this technique, two-level
-ary overlapping pulse-position modulation ( -OPPM)

scheme is adopted and each user is assigned two orthogonal code
sequences to represent these two levels. The code sequences are
selected from a minimum cross-correlation code set. The bit error
rate (BER) of the proposed system is derived, taking into account
the effects of phase-induced intensity noise, shot noise, and thermal
noise in addition to the multiple-access interference. The BER
performance of this system is compared to other systems adopting
-PPM and OOK schemes under same pulsewidth constraints.

Our results reveal that, while keeping the BER well below a pre-
scribed threshold, the proposed -OPPM SAC-OCDMA system
achieves higher transmission rate as compared to both -PPM
and OOK SAC-OCDMA systems under same constraints. Specifi-
cally the transmission rate of a single user of the proposed system
can be increased by about 34.44% as compared to traditional
systems.

Index Terms—Bit-error-rate (BER), modified prime sequence
(MPS) codes, on-off keying (OOK), optical code-division mul-
tiple access (OCDMA), overlapping pulse-position modulation
(OPPM), pulse-position modulation (PPM), spectral-amplitude
coding (SAC).

I. INTRODUCTION

O PTICAL CODE-DIVISION MULTIPLE-ACCESS
(OCDMA) techniques are becoming competitive candi-

dates for future optical communications networks [1]–[5]. In-
deed, recently, many authors have proposed several frameworks
for future optical networks adopting OCDMA techniques. For
example in [1], Bhuiyan et al. have presented an analytical
approach to the performance evaluation of turbulence induced
fading on free space OCDMA communications systems. In [2],
Tseng and Wu have adopted super perfect difference (SPD)
code in compact spectral-amplitude-coding optical code-divi-
sion multiple-access (SAC-OCDMA) passive optical networks
(PONs). In [3], Chang et al. have studied diversity OCDMA
schemes in optical wireless communications systems. In [4],
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Beyranvand and Salehi have proposed a quality of service
(QoS) differentiation framework for optical burst switching
(OBS) multiservice networks. They have adopted hybrid
wavelength division multiplexing and optical code division
multiplexing (WDM/OCDM) schemes in order to mitigate the
blocking probability of OBS networks. In [5], Choi et al. have
proposed and experimentally demonstrated the upstream trans-
mission of WDM/OCDM-PONs using low-cost devices. Out
of the different types of OCDMA, spectral-amplitude-coding
optical code-division multiple-access (SAC-OCDMA) comes
as a low-complexity and cost-effective candidate [6]. This tech-
nique has been first proposed by Zaccarin and Kavehrad [7],
[8]. Yet, it has been shown to be suffering from the effects of
phase-induced intensity noise (PIIN) in addition to multiple-ac-
cess interference (MAI) [9]. PIIN severely degrades the system
performance and limits the number of simultaneous users. Sev-
eral attempts to mitigate the effects of PIIN have appeared in
literature [9]–[13]. Recently, we have proposed a very efficient
method to come across the limitations due to PIIN [14]. In this
method, we assign orthogonal multi-code sequences, from a
minimum cross-correlation code set, to each user and encode
the data symbols from each user using a multi-level -ary
pulse-position modulation ( -PPM) scheme. During modu-
lation, each level corresponds to a different code sequence,
which would alleviate increasing the system bandwidth when
using -PPM. One possible code set that possesses both
minimum cross-correlation and some orthogonal sequences is
the modified prime sequence code [15].
On the other hand, it has been shown in [16] that low-com-

plexity and cost-effective optical systems impose several im-
portant constraints on the signaling design. One of such con-
straints is the limited bandwidth due to impairments in elec-
trooptic devices (e.g., electrooptic modulators) [17], modal dis-
persion in short-haul optical fiber links [18], and multipath dis-
tortion in diffuse indoor wireless optical links [19]. Further-
more, limited bandwidth of the optical devices imposes a con-
straint on the pulsewidth of the transmitted optical signal. In-
deed, if denotes the system bandwidth, then the transmitted
optical pulsewidth must be greater than . The limited band-
widths of the electrooptic modulator and other devices in the
system (or equivalently the optical pulsewidth constraint) would
raise another difficultly in practice. Indeed, this would limit the
transmission rate of each user. Increasing the transmission rate
(or throughput) without affecting the bandwidth is thus an ulti-
mate goal in system design. Of course in this case the spectral
efficiency would increase accordingly.
Under system bandwidth constraint (or optical pulsewidth

constraint), the proposed technique in [14], to mitigate PIIN,
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Fig. 1. A block diagram of a bipolar -OPPM SAC-OCDMA transmitter for
user .

would only over-improve the bit-error rate (BER) performance.
One would prefer to increase the transmission rate of a user
and sacrifice some of its over-improved performance. To come
across this stipulation we propose in this paper utilizing -ary
overlapping pulse-position modulation ( -OPPM) scheme,
rather than -PPM scheme, in the system of [14]. OPPM
technique has been first introduced by Lee and Schroeder [20]
and further explored by a few other authors [21]–[24]. It has
been shown that OPPM scheme offers a higher optical channel
capacity, than traditional PPM does, without the need to reduce
the light pulsewidth. Moreover, it has been noted in [21] that
most of the capacity gain is achieved at a small overlap between
light pulses. In addition, OPPM retains some of the advantages
of PPM schemes over on-off keying (OOK) schemes. Namely,
its transmitter utilizes the optical energy more efficiently and
its receiver does not require a knowledge of the signal or noise
power.
Furthermore, in this paper we analyze the performance of

the proposed system and derive an expression for the bit error
rate (BER), taking into account the effects of PIIN, shot noise,
and thermal noise in addition to the MAI. Next we numerically
compare the BER performance of this system to that adopting
-PPM or OOK schemes under a constraint on the optical

pulsewidth. Our results reveal that under pulsewidth constraint,
the proposed -OPPM SAC-OCDMA system achieves ac-
ceptable performance with higher transmission rate, whereas
-PPM SAC-OCDMA achieves over-improved performance

with lower transmission rate. In addition, the performance of
proposed system is even better than that adopting OOK scheme
with certain values of index of overlap.
The remaining of this paper is organized as follows. The

system description and the receiver model are presented in
Section II. Section III is devoted for the derivation of the bit
error probabilities of the proposed system, taking into account
the effects of several noise sources and MAI. In Section IV
we present some numerical results, where we investigate the
effect of some design parameters on the performance of the
proposed scheme. Comparisons with corresponding systems
adopting -PPM and OOK techniques are also presented in
same section. Finally, we give our conclusions in Section V.

II. SYSTEM DESCRIPTION

In this section we describe the system model including both
the transmitter and receiver. In addition, we introduce the deci-
sion rule for the system.

Fig. 2. An example of OPPM signal formats of a single user with and
.

A. Transmitter Side

We consider a synchronous SAC-OCDMA network which
is composed of users (or information sources). The th
information source, , generates con-
tinuous iid -ary data symbols or vectors , where

such that for

some and for any
other . Fig. 1 shows the block diagram of the
transmitter for user . The generated sequence of symbols
modulates the position of incoherent light pulses, emitted from
an ideal broadband light source. Since there is a constraint on
the pulsewidth, denoted by , we adopt overlapping pulse-po-
sition modulation technique to allow for higher transmission
rates. A light pulse is generated in slot , out of
possible overlapped slots, if . The symbol duration,
composed of overlapped slots, is denoted by . In ad-
dition, each user is assigned two orthogonal code sequences
of length and weight , selected from same
group of a modified-prime code set , where is a
prime number and is the maximum cross-correlation
of the code. For example, user , , is as-
signed code sequences and

, where ,
and for any . Each code
sequence is used to modulate the intensities of the spectral
components of each emitted light pulse [7]–[11]. The modu-
lation procedure for user is as follows: If for any ,

, spectral code sequence is used for modulation. If
, spectral code sequence is used, Fig. 1. Other-

wise, no pulse is transmitted. Since both positive and negative
data are considered, we call this technique bipolar -OPPM
SAC-OCDMA. In our analysis below, we denote the optical
source frequency and bandwidth by and , respectively.
In addition, for mathematical convenience, we define the fol-
lowing two data variables for any user and
slot :

(1)

Notice that . Also it is clear that
, , and .
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Fig. 3. A block diagram of a bipolar -OPPM SAC-OCDMA receiver for user 1.

B. -OPPM Technique and Data Transmission Rate

In optical OPPM technique, with multiplicity and index
of overlap , the information is conveyed by the
position of a light pulse of duration within a time frame of
width . An overlap with depth is allowed between
any two adjacent positions. The transmitted pulse is said to be
in position , , if it extends over the interval starting at
time and ending s later, Fig. 2. This interval is also called
a slot. It is obvious that each slot is subdivided into smaller
subintervals of width and the relation between , , ,
and is given by:

Assuming equi-probable data symbols, each is occurring with
probability , then the nominal transmission rate is given
by:

(2)

It should be noticed that under pulsewidth constraint, the trans-
mission rates of both on-off keying (OOK) and bipolar 2-PPM
are equal to . It is also remarkable that PPM can be consid-
ered as a special case of OPPM when .

C. Code Properties and Number of Users

The cross-correlation function between any two code se-
quences , is given by [15]

(3)

Since the total number of available code sequences in any group
of is and each user is assigned two code sequences,
the total number of network subscribers cannot exceed ,
[14]. Here denotes the largest integer not greater than .
Out of this number we assume that there are active or simul-
taneous users and the remaining users are idle. Without loss of
generality, we always assume that the first user is the desired
user. Let the random variable represent the number of active

users in the first group. For uniform code assignment, it has been
shown in [14] that the probability distribution of , given that
user 1 is always active, can be written as

(4)

where and

(5)

D. Receiver Side and Decision Rule

The block diagram of the bipolar -OPPM SAC-OCDMA
receiver is shown in Fig. 3 for the desired user. It is pretty much
similar to that used in -PPM SAC-OCDMA system [14], but
the sample instants are modified to:

(6)

In this receiver, a balanced detection scheme is adopted, where
the upper and lower branches are used to detect received spectral
components that correspond to user’s code sequences and ,
respectively. In order to avoid delays between reflected spectral
components, the code detections are implemented using super-
imposed fiber Bragg gratings (FBGs) [25], [26]. Both photodi-
odes’ output currents are then subtracted, time averaged, and
sampled at the above time instants. This produces a set of deci-
sion currents , which is finally passed to the
decision circuit.
1) Decision Rule: The decision current over slot is

defined as , where and are the average
output currents of the upper- and lower-branch photodiode, re-
spectively. We define the decision rule as follows:

if
if

(7)

where with and
for any .

III. THEORETICAL ANALYSIS

In this section we derive the statistics of both upper- and
lower-branch currents, as well as the statistics of the decision
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current. In addition, we develop an expression for evaluating
the BER of the system.

A. Statistics of Upper-Branch Current

The resultant upper-branch incident field of the th slot,
, can be written as:

(8)

where

(9)

, , is the response of user
in slot due to its th spectral component, is the peak

received single-user power, ,
, is a normalized envelope of a single-user

light field of spectral width , and is the random
phase of the th chip optical signal of the th user, assumed to

be a Wiener process [27]–[29]. Here . For
the sake of simplicity, we assume a rectangular envelope:

if
otherwise.

(10)

It should be noticed that there is at most one nonzero term in the
summation in (9). If the photodiode responsivity is denoted by
, then the average th slot current of upper photodiode PD1 is

given by

(11)

Using (8) and (11), and noticing that the cross-terms cancel out
because of the averaging process (as long as ), we
get:

(12)
Expanding the last equation, we get

(13)

For convenience, we define and , for any
, as follows:

(14)

respectively. Noticing that

(15)

we get

(16)

where

(17)

Making use of the properties of code and assuming
that the number of active users in group 1 is , we get

(18)
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Here we defined the interference random variable for any
as:

(19)

In addition, we define the interference random vector
. Of course follows a conditional bino-

mial distribution and follows a conditional multinomial dis-
tribution, given :

(20)

where and , such
that .
Now we consider the last integration in (18). In order to per-

form the product of the two functions, first it is easy to check
the following product:

(21)

where . In addition, we define the following
random variable for any and any

with :

(22)
where and

. Substituting back in (18),
we get

(23)

Using [27]–[29], the average and variance of are

(24)

respectively, where is the coherence time. Performing the last
integration, we obtain

(25)

where is the receiver electrical bandwidth and we have used
the practical assumption that . To get the average
and variance of , we use (24) and (25) in (23), taking into
account the independence of the random variables :

(26)

Making use of the properties of code and noticing
that the average of the sum of products of three different codes
is equal to , the last variance becomes:
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(27)

B. Statistics of Lower-Branch Current

The resultant lower-branch incident field of the th slot,
, can be written as:

(28)
It should be noticed that is independent of , as
the chips selected by and are disjoint. Following
a similar analysis to what we did in the last subsection, we get
the average and variance of lower-branch average th slot cur-
rent as:

(29)

respectively.

C. Statistics of Decision Current

From the discussion in the above subsection, the de-
cision current over slot , has
the following mean and variance, given desired user data

vector and interference vector
,

(30)

respectively, where , , and are the vari-
ances of the phase-induced intensity noise, shot noise, and
thermal noise, respectively. These are given by

(31)

respectively. Here is the electron charge,
is Boltzmann’s constant, is the re-

ceiver noise temperature, and is the receiver load resistance.

D. BER Evaluation

The average symbol error rate (SER) can be written as

(32)

where the set
, is the conditional SER given

a transmitted data symbol , an interference
vector , and users in first group. Here

with and
for any . Because of the symmetry of the bipolar
modulation format, the last equation reduces to:

(33)
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Using a union bound, the last conditional SER can be upper-
bounded as:

(34)

where the last equality is justified by noticing that the mean of
, given , is zero for . Substituting in (33),

we get

(35)

The last summation is simplified as

(36)

where was defined in (14) and the independent random
variables and are defined in Appendix A. Using the
Gaussian approximation method, the evaluations of the last two
probabilities are immediate and the bit-error rate can be approx-
imated as given in (37) at the bottom of the page, where ,

, , and are given in Appendix A. In is easy to
verify that in the special case of , -OPPM reduces to
-PPM and (37) reduces to the expression given in [14].

IV. NUMERICAL RESULTS

In our numerical evaluations we assume that both the optical
pulsewidth (or receiver bandwidth ) and the av-
erage transmitted photons per nat are held fixed. For an ideal
channel, the peak single-user received power is given by:

(38)
where is the photodiode efficiency, assumed unity. The
bit-error rate (BER) of the bipolar -OPPM SAC-OCDMA
system, as given in (37), has been evaluated numerically for a
modified prime sequence (MPS) code with length and
weight . It is plotted in Fig. 4 versus different values
of average photons per information nat. Other parameters
used in the evaluations are as follows. The optical pulsewidth

, the linewidth of the light source , the
coherence time , the pulse-position multiplicity

(37)
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Fig. 4. Bit error rates of SAC-OCDMA systems versus average energy per nat
for number of active users and optical pulsewidth .

with corresponding index of overlap ,
respectively, the receiver noise temperature ,
the receiver load resistance , and the number of
simultaneous users users. In addition, the BERs of
both bipolar OOK and bipolar 2-PPM SAC-OCDMA systems,
adopting same modified prime sequence code, are also plotted
in the same figure for the sake of comparison. The superi-
ority of our proposed technique under pulsewidth constraint
is clear from the figure. Indeed, the transmission rate of the
proposed system has increased by 20% and 34.44% (when
using 4-OPPM and 6-OPPM techniques, respectively) above
that of both OOK and 2-PPM techniques. Both bipolar OOK-
and PPM-CDMA systems have same transmission rate, which
cannot be increased under the given pulsewidth constraint.
In addition, the proposed system is more power efficient
than traditional OOK-CDMA system. However, traditional
PPM-CDMA system is more power efficient than the proposed
system. In fact, the price paid to increase the transmission rate
above that of PPM-CDMA is the increase in required energy
for same BER. However, it is obvious that it is worth paying
this price as the use of 2-PPM SAC-OCDMA system gives
an over-improved BER, e.g., at an average photons per nat of

, a BER of is achieved by this system. On the
other hand, 4-OPPM SAC-OCDMA system achieves a BER of

with 20% increase in throughput for same average
energy. It is also clear from the figure that increasing , while
keeping the ratio fixed, would increase the transmission
rate at the expense of reducing the BER even further. This is
due to the increase of both the interference and the PIIN with
the increase of the index of overlap.
Relaxing the constraint on the optical pulsewidth, would

allow the data rate to increase in all systems as shown in Fig. 5
for . It is clear from the figure that both 2-OPPM
(with ) and OOK SAC-OCDMA systems coincide, with
higher transmission rate of 33.33% in favor of the former. It is
also clear from the figure that for fixed index of overlap and
pulsewidth, the transmission rate increases with the decrease
in at a price of worse BER. This is due to the loss of block

Fig. 5. Bit error rates of SAC-OCDMA systems versus average energy per nat
for number of active users and optical pulsewidth .

Fig. 6. Bit error rates of SAC-OCDMA systems versus number of active users
for average energy per nat and optical pulsewidth

.

coding gain with the decrease of and the decrease in the
peak single-user power, cf. (38).
Finally in Fig. 6, we plot the BER versus the number of ac-

tive users for same parameters as above but with
and average energy per nat . It is ob-
vious from the figure that the advantage of using the proposed
method continues with the increase of the number of active
users. However, the price paid also increases, as the BER of
4-OPPM SAC-OCDMA system becomes closer to that of OOK
SAC-OCDMA system. This is because of the increase of inter-
ference in the case of OPPM more than that of the case of PPM
due to the overlaps in the former.

V. CONCLUSIONS

A modulation technique has been proposed for SAC-
OCDMA networks in order to increase the single-user trans-
mission rate at a fixed pulsewidth. This technique allows an
overlap between transmitted light pulses by adopting -OPPM
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Fig. 7. Illustrations of different types of decision random variables within over-
lapped slots.

scheme to increase the transmission rate in a reliable way. Each
pulse can take two different levels, represented by two or-
thogonal code sequences. The bit error rate (BER) of the
proposed system has been derived and compared numerically
to that of corresponding systems adopting -PPM and OOK
schemes. It turned out that under pulsewidth constraint, the
proposed -OPPM SAC-OCDMA system achieves higher
transmission rate than that achieved by both -PPM and
OOK SAC-OCDMA systems, while keeping the BER below a
prescribed threshold.

APPENDIX A
EXTENSION TO THE CASE OF

During the decision process, random variable , ,
is compared to for , cf. (35).
The derivation given in Section III-A has been done assuming
that there is no overlap between slots and . This is valid
as long as . However, in
case of , this comparison involves an
overlapping part as shown in Fig. 7 with . To get the
statistics of the non-overlapped slots, we consider two cases,
data slot and other slot, as follows.

A. Case of Data Slot

Because of the overlap between data slot and other
slot , we consider the following two random
processes for data slot of Fig. 7:

(A.1)

where . In addition,
we define the following two random variables:

(A.2)

Following a similar analysis to what have been done in
Section III-A, we get the mean and variance of random variable

as follows:

(A.3)

respectively, where
.
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B. Case of Other Slot

Because of the overlap between other slot and data
slot , we consider the following two random
processes for other slot (this is similar to other slot of
Fig. 7 but shifted to the left by ):

(A.4)

In addition, we define the following two random variables:

(A.5)

Following a similar analysis to what have been done in
Section III-A, we get the mean and variance of the random

variable as follows:

(A.6)
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