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Abstract. An enhanced mathematical model is introduced to study and
evaluate the performance of a core node in an optical burst switched
network. In the proposed model, the exact Poisson traffic arrivals to the
optical burst switching �OBS� node is approximated by assuming that the
maximum allowed number of arrivals to the OBS node, in a given time
slot, is 2 �instead of ��. A detailed state diagram is outlined to illustrate
the problem, and then a mathematical model based on the equilibrium
point analysis technique is presented. Two performance measures,
namely, the steady-state system throughput and the average blocking
probability, are derived from the model, which is built in the absence of
wavelength conversion capability. Our proposed model is aided by a
simulation work that studies the performance of an OBS core node under
the assumption of Poisson traffic arrivals �the exact case� and calculates
the steady-state system throughput. The results obtained from the pro-
posed mathematical model are consistent with that of simulation when
assuming Poisson traffic arrivals, and this consistency holds for a certain
range of traffic load. The effect of varying different network parameters
on the average blocking probability is discussed. © 2009 Society of Photo-
Optical Instrumentation Engineers. �DOI: 10.1117/1.3204159�
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Introduction

ptical burst switching �OBS� is a new switching paradigm
hat can support bursty traffic introduced by upper-layer
rotocols or high-end user applications. OBS can be con-
idered as the gate through which the envisaged world of
ptical Internet will be conquered by implementing Internet
rotocol �IP� software directly over a wevelength-division
ultiplexing �WDM� optical layer �IP/WDM�.
The idea of burst switching, first proposed by research-

rs in Refs. 1 and 2, emerges to combine the best of both
ptical circuit switching �OCS� and optical packet switch-
ng �OPS�. The burst is the basic switching unit in OBS
etworks �OBSNs�. The variability in the burst length from
eing as short as a packet to being as long as a session puts
BS as an intermediate solution between OCS and OPS.
he performance evaluation of OBSNs has appeared in lit-
rature by several authors �e.g., in Refs. 3–11�. Previous
ork carried out in OBS performance evaluation either
sed simulation or simply adopted the M/M/K/K model.
his paper introduces an enhanced mathematical model
ased on equilibrium point analysis �EPA� by which one
an easily measure the performance of an OBSN.

The architecture of an OBSN is fully explained in Ref.
2. The data carried in the burst result from the aggregation
rocess of many packets �e.g., IP packets� carried out by an
ssembly node at the edge of the OBSN using the appro-

091-3286/2009/$25.00 © 2009 SPIE
ptical Engineering 085003-
priate assembly algorithm.4,13–15 After being assembled at
edge nodes �called ingress nodes�, the data bursts go
through the core network, which consists of core nodes that
have the function of forwarding the data bursts �without
going back to the electronic domain� until reaching their
destination edge nodes �called egress nodes�. Egress nodes
then disassemble bursts back into packets, each of them to
go to its destination. Many assembly algorithms have been
proposed by researchers in the current literature.13,14,16 In
addition, various burst-scheduling algorithms, which sched-
ule the reservation process carried out by control packets,
have been presented in Refs. 17–20.

Generally, the main idea beyond all OBS protocols is the
separation of the header �carrying the control information�
and the payload �carrying the data�. Thus, the control
packet �header� will be on a separate channel, called the
control channel, while the burst �payload� remains on the
data channel.

In this paper, the focus is on studying the performance
of an OBS core node using either the JIT protocol21,22 or
the JET protocol2,23 in the reservation mechanism. Both
protocols are considered as one-way reservation protocols.
The main difference between JIT and JET is that the former
implies an immediate reservation strategy while the latter
adopts a delayed reservation policy. Briefly, the control
packet in JIT protocol is sent prior to the data burst by
some offset time to reserve sufficient bandwidth immedi-
August 2009/Vol. 48�8�1
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tely after the processing of the control packet at the core
ode and configure the switching fabric to route the upcom-
ng data burst to the destined output port.

JET is a more efficient protocol where the control packet
ontains information about the offset time and the band-
idth reservation is done just before the data burst reaches

he node �i.e., the reservation is delayed till the data burst
eaches the node�. Another difference between JIT and JET
s in the release mechanism of the reserved bandwidth. In
IT, there is a release packet that is sent explicitly to release
he reserved bandwidth, while in JET the control packet
ontains information about the burst length to allow the
ore node to release the reserved bandwidth implicitly after
he burst departs the node. In both protocols, the data burst
aits at the ingress node in an electronic buffer for an
ffset time equivalent to the total time needed by the con-
rol packet to be processed at each node. Figures 1 and 2
llustrate both JIT and JET, respectively.

To make the proposed model valid to be used for both
IT and JET protocols, it is obligatory to compensate for
he difference between the two reservation schemes applied
n both protocols. This difference can be modeled as an
rtificial increase in the burst length in the case of the JIT
rotocol, whereas no increase is introduced to the actual
urst length in the case of JET protocol.

The aim of this paper is to introduce an enhanced math-
matical model that studies the performance of the OBS
ore node under certain assumptions that will be stated in
ec. 2. Shalaby3 proposed a simplified model to study the
erformance of an OBS core node assuming Bernoulli dis-
ribution for arrivals per time slot, which proved to be a
ood assumption until a certain traffic load when compared
o the simulation results, assuming that arrivals follow
oisson distribution. After this traffic load, the model

urned out to be nonconsistent. In addition, it has another

Fig. 1 Operation in JIT protocol.

Fig. 2 Operation in JET protocol.
ptical Engineering 085003-
limitation where the maximum value for the average num-
ber of arrivals per time slot is 1. A fixed burst length was
assumed, which is not realistic because the burst length
depends on the assembly algorithm used by the ingress
node to aggregate the packets in a burst.4 These two draw-
backs will be handled in this paper, resulting in more con-
sistent results for a wider range of traffic load. Moreover,
the proposed model deals with the case of no wavelength
conversion capability in the OBS node, unlike previous
models that adopt the M/M/k/k queue to model the perfor-
mance of the node in which full wavelength conversion is
assumed.10 In our model, assuming the absence of wave-
length conversion can be supported by the fact that adding
such advanced techniques may raise the overall cost of the
node to an unaffordable limit.

The remainder of this paper is organized as follows. In
Sec. 2, we present the considerations on which the math-
ematical model is built. In Sec. 3, the construction of the
state diagram that expresses the performance of the OBS
node is provided. Section 4 is devoted to a theoretical study
for the performance of an OBSN, where derivation of the
steady-state system throughput is given. Section 5 provides
the numerical results of the derived performance measure
from both the proposed mathematical model and simula-
tion. Finally, we give our conclusion in Sec. 6.

2 Preanalysis Model Considerations

The huge number of states required to express a network
makes the trace of these states and deriving mathematical
expressions governing the performance of this network a
very difficult job. Consequently, the proposed model is de-
rived under certain considerations that are introduced as
follows:

1. The system is assumed to be slotted in time such that
the time slot “Ts” is the smallest time unit. This will
facilitate the construction of the state diagram pro-
vided that the time slot chosen is small enough to
consider the system continuous in time. Fixed burst
length �virtual� is also assumed where T= l*Ts and l is
an integer value. This assumption proves to be ac-
cepted, which will be justified later in the simulation
results.

2. In this paper, EPA is used such that number of users
entering a certain state equal to the number of users
departing it �i.e., number of served users in each
state� is always constant.3

3. We assume without loss of generality that all arrivals
require the same output port, which can be justified
by assuming that the outgoing traffic will be uni-
formly distributed on all output ports.

4. Because the time slot is very small �to consider the
system is continuous in time�, we can properly as-
sume that the maximum number of arrivals per time
slot is 2. Thus, we can approximate the Poisson dis-
tribution to be
August 2009/Vol. 48�8�2
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Pa�n� =�
e−RbTs � 1 − A +

A2

2
= P0 if n = 0

RbTse
−RbTs � A − A2 = P1 if n = 1

�RbTs�2

2!
e−RbTs �

A2

2
= P2 if n = 0

�RbTs�n

n!
e−RbTs � 0 otherwise,

�
where A=RbTs denotes average traffic arrivals in
Poisson distribution, “a” stands for arrivals, n
� �0,1 ,2 , . . . � and Pa�n� is the probability of occur-
rence of n arrivals in a time slot.

5. Unlike all previous work done in the performance
modeling of the OBS core network �e.g., in Refs. 4
and 10�, which assumes full wavelength conversion
capability, our model assumes that the OBS core
node studied has no wavelength conversion capabil-
ity, which is a reasonable assumption to make. This
assumption can be justified by the large expenses
needed to implement this technology in the node,
which might be yet unaffordable.

Another consideration should be taken into account prior
o starting our analysis. Obviously, there are two sorts of
cenarios in which blocking may occur at the core node;
ne is due to the collision of two control packets sent on the
ame control channel, and the other is the blocking of a
ata burst itself when its corresponding control packet fails
o reserve a wavelength for it. In either case, the data burst
s assumed to be dropped and should be excluded when
alculating the throughput.

The first blocking scenario �i.e., the control packet col-
ision� can be resolved by adjusting the appropriate ratio
etween the control channel group �group of wavelengths
edicated to carry control packets only� and the data chan-
el group �group of wavelengths used to serve data bursts�
s proposed in Ref. 24. As a result, the only possible block-
ng scenario is when the control packet fails to reserve a
avelength for its ensuing data burst.

State Diagram Construction
n this section, our focus is directed at presenting a detailed
tate diagram for our OBS network model. As already
tated in the considerations in Sec. 2, we use the EPA tech-
ique in constructing the state diagram. It is also assumed
hat the OBS node considered has no wavelength conver-
ion or buffering capabilities. From this point on, the OBS
ode considered is assumed to have w wavelengths avail-
ble to provide services for the incoming bursts.

Before beginning to explain how to construct the state
iagram, it should be noted that any state will be labeled
ith its probability �i.e., the probability for the OBS node

o be in this state�. The notation used to label each of the
tates is based on a general criterion that will be adopted in
his paper. This criterion defines the notation rin,in−1,. . .,i1

jn,jn−1,. . .,j1 to
abel the states �where n� �1,2 , . . . , l∧w�, in , in−1 , . . . , i1

�1,2 , . . . , l� and jn , jn−1 , . . . , j1� �1,2� with l∧w
min�l ,w�� that the OBS node is currently serving slot in of

he first j arrivals �one or two arrivals�, slot i of the
n n−1

ptical Engineering 085003-
second jn−1 arrivals �one or two arrivals�, and so on. For
example, the node is in state r31

12 when it is serving slot 3 of
the first single arrival and slot 1 of the second two arrivals.
The transition probabilities �i.e., the probability for an OBS
node to go from a state to another� are placed at the arrows
connecting between the states.

To simplify the problem of how to construct the state
diagram, we begin our discussion with a special case of an
OBS network with l=2 and w�2l. After that, the general
case is considered showing how the state diagram can be
constructed for an OBS network with any w and l.

3.1 State Diagram for an OBS Network with l=2 and
w�2l

In this section, an OBS network with l=2 and w�2l is
considered. This case is chosen as an example to begin our
discussion with because it is very simple, especially having
a reasonable number of states. The state diagram in this
case can be constructed as shown in Fig. 3. There are nine
states in the state diagram. The transition probabilities are
written in terms of X, Y, and Z, which are defined as func-
tions of k in the following equations:

X�k� = P1 − �k − 1�
P1

w

+ �P2 − �k − 1�2 P2

w2 −
P2

w2 � 	w−�k−1�
P2�#

, �1�

Y�k� =
P2

w2 � 	w−�k−2�
P2, �2�

Z�k� = P0 + �k
P1

w

#

+ �k2 P2

w2
##

, �3�

where k is the number of wavelengths used by the OBS
node for transmission of bursts at the next state it will enter
and nPi= �n / i�� i! is n permutation i. The number signs
added above brackets indicate that terms inside them rep-
resent blocking cases. A single number sign means that a
single arrival is blocked �not served�, whereas double num-
ber signs mean that two arrivals are blocked.

Fig. 3 State Diagram for an OBS network with l=2 and w�2l.
August 2009/Vol. 48�8�3
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The states shown in the state diagram in Fig. 3 can be
ategorized into five types:

1. Initial state �m�: It represents the case when the OBS
node is not serving any bursts at all �i.e., the node is
idle�. The OBS node is in this state with probability
m. After staying a time Ts �in seconds� in the initial
state, one of three events may occur. Either there are
no arrivals to the node �an event with probability P0�
or there is one arrival �an event with probability P1�
or there are two arrivals �an event with probability
P2�. In the first case, the OBS node will stay at state
m 	with probability Z�0�
, whereas in the second
case, the node will enter state r1

1. In the third case,
when the two arrivals are requesting to use two dif-
ferent wavelengths 	an event with probability P2�w
−1� /w
 both will be served and the node will enter
state r1

2 	with probability Y�2�
, while if the two ar-
rivals are requesting to use the same wavelength �an
event with probability P2 /w�, one of them is blocked
and the other is served by the node, which goes to
state r1

1. Clearly, the probability for the node to go
from state m to state r1

1 is P1+ P2 /w, which can be
given briefly by X�1�.

2. 1-� states �r1
1 ,r2

1�: It represents the case when the
OBS node is currently using one of the available
wavelengths as requested by the control packet. Now,
let us consider the case when the node is currently
staying at state r1

1 and there are no arrivals after Ts �an
event that occurs with probability P0�, then it will
enter state r2

1, which means that the OBS node is
currently serving the second time slot of a single ar-
rival. Also, if the node is at state r1

1 and there is one
arrival that requests to use the same wavelength cur-
rently used by the node �an event that occurs with a
probability P1 /w�, the arrival will be blocked and the
node will go to state r2

1. Also, if the node is at state r1
1

and there are two arrivals, both requesting to use the
same wavelength currently used by the node �an
event that occurs with a probability P2 /w2�, then both
arrivals will be blocked and the node will go to state
r2

1. Clearly, the probability for the node to go from
state r1

1 to state r2
1 is P0+ P1 /w+ P2 /w2, which can be

given briefly by Z�1�. In a different situation, when
the node is at state r1

1 and there is one arrival that
requests to use another wavelength 	an event that oc-
curs with a probability P1�w−1� /w
, then the node
serves both arrivals and enters state r21

11 �defined
later�. Also, when the node is at state r1

1 and there are
two arrivals, one of them requesting the same wave-
length currently used by the node and the other re-
questing another wavelength 	an event with a prob-
ability P2− P2 /w2− �P2 /w2��w−1�P2
, then the first will
be blocked and the other will be served by the node
that enters state r21

11. Briefly, the transition probability
from r1

1 to r21
11 can be given by X�2�.

3. 2-� states �r1
2 ,r2

2 ,r21
11�: It represents the case when the

OBS node is currently using two of the available
wavelengths. All the above discussion can be re-
peated in the same manner for any 2-� state. For
ptical Engineering 085003-
example, when the node is at state r21
11, then it is serv-

ing slot 2 of the first single arrival and slot 1 of the
second single arrival. Suppose there are no arrivals to
the node after staying Ts in r21

11, then the node finishes
serving slot 2 of the first single arrival and enters
state r2

1 to serve slot 2 of the second single arrival.
4. 3-� states �r21

12,r21
21�: It represents the case when the

OBS node is currently using three of the available
wavelengths. For example, when the node is at state
r21

21, then it is serving slot 2 of the first two arrivals
and slot 1 of the second single arrival. Suppose there
is a single arrival to the node after staying Ts in r21

21,
then the node finishes serving slot 2 of the first two
arrivals and one of two cases may occur. In the first,
the new arrival requests to use a wavelength different
from that used by the node 	an event with probability
P1�w−1� /w
, then the node will enter state r21

11 to
serve slot 2 of the first single arrival and slot 1 of the
new single arrival. In the second case, the new arrival
requests to use a wavelength that is currently used by
the node, then the new arrival will be blocked and the
node enters state r2

1 to serve slot 2 of the old arrival.
5. 4-� states �r21

22�: It represents the case when the OBS
node is currently using four of the available
wavelengths.

Using the same manner in the above discussion, one can
easily construct the rest of the state diagram. From the state
diagram shown in Fig. 3, it is quite simple to write the flow
equations as follows:

m = �m + r2
1 + r2

2�Z�0�

r1
1 = �m + r2

1 + r2
2�X�1�

r2
1 = �r1

1 + r21
11 + r21

21�Z�1�

r1
2 = �m + r2

1 + r2
2�Y�2�

r2
2 = �r1

2 + r21
12 + r21

22�Z�2�

r21
11 = �r1

1 + r21
11 + r21

21�X�2�

r21
12 = �r1

1 + r21
11 + r21

21�Y�3�

r21
21 = �r1

2 + r21
12 + r21

22�X�3�

r21
22 = �r1

2 + r21
12 + r21

22�Y�4� . �4�

Adding the condition that the sum of all state probabili-
ties equals to 1 is a must to make these equations solvable

m + r1
1 + r2

1 + r1
2 + r2

2 + r21
11 + r21

12 + r21
21 + r21

22 = 1.
August 2009/Vol. 48�8�4
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.2 State Diagram Construction in the General
Case (for Any w and l)

n this section, we will present a general method that can be
pplied to construct the state diagram for any values of w
nd l.

First of all, we will consider a k-� state rin,in−1,. . .,i1
jn,jn−1,. . .,j1 where

n , in−1 , . . . , i1� �1,2 , . . . , l�, jn , jn−1 , . . . , j1� �1,2�, k
�1,2 , . . . ,w∧2l�, n� �1,2 , . . . , l∧w�, k=�i=1

n ji and in

in−1� ¯ � i1.
Three different scenarios may generate this state. We can

ategorize all the states found in the state diagram into the
ollowing three main families, depending on the scenario
hat generates it:

1. Family (1): It contains all the states having i1=1 and
j1=1. That is, the node in these states is serving one
new arrival. The previous states that may generate
this state are either a �k−1�-� state rin−1,in−1−1,. . .,i2−1

jn,jn−1,. . .,j2 or

a k-� state rl,in−1,in−1−1,. . .,i2−1
1,jn,jn−1,. . .,j2 or a �k+1�-� state

rl,in−1,in−1−1,. . .,i2−1
2,jn,jn−1,. . .,j2 �only if k+1�w�.

The transition probability is given by

Ptr1 = Pr�one new arrival�
� Pr�the arrival selects an unused wavelength�
+ Pr�two new arrivals�
� 	Pr�one arrival selects an unused wavelength

and the other selects a used one�
+ Pr�both arrivals select the same unused

wavelength�
 .

The flow equation that describes this family is

rin,in−1,. . .,i2,1
jn,jn−1,. . .,j2,1 = X�k��rin−1,in−1−1,. . .,i2−1

jn,jn−1,. . .,j2

+ rl,in−1,in−1−1,. . .,i2−1
1,jn,jn−1,. . .,j2 + �1 − � k

w �

� rl,in−1,in−1−1,. . .,i2−1

2,jn,jn−1,. . .,j2 � , �5�

where X�k� is slightly different from the definition
already stated in Eq. �1�. From this point on, X�k� is
defined as follows:

X�k� = P1 − �k − 1�
P1

w
+ �P2 − �k − 1�2 P2

w2

− �1 − � k

w �
 �
P2

w2 � 	w−�k−1�
P2� .

The term �1− �k /w�� is added to make the definition
of X�k� hold for the case �w�2l� in which some
states are no longer present; thus, the term �1
− �k /w�� helps cancel the term P2 /w2� 	w−�k−1�
P2 in
X�k� corresponding to the transition probability of en-
tering the omitted state, which is no longer present.

2. Family (2): It contains all the states having i1=1 and
j =2. That is, the node in these states is serving two
1

ptical Engineering 085003-
new arrivals. The previous states that may generate
this state are either a �k−2�-� state rin−1,in−1−1,. . .,i2−1

jn,jn−1,. . .,j2 or

a �k−1�-� state rl,in−1,in−1−1,. . .,i2−1
1,jn,jn−1,. . .,j2 or a k-� state

rl,in−1,in−1−1,. . .,i2−1
2,jn,jn−1,. . .,j2 . The transition probability is given

by

Ptr2 = Pr�two new arrivals�

� Pr�both arrivals select unused wavelengths�

The corresponding flow equation is thus

rin,in−1,. . .,i2,1
jn,jn−1,. . .,j2,2 = Y�k�	rin−1,in−1−1,. . .,i2−1

jn,jn−1,. . .,j2

+ rl,in−1,in−1−1,. . .,i2−1
1,jn,jn−1,. . .,j2 + rl,in−1,in−1−1,. . .,i2−1

2,jn,jn−1,. . .,j2 
 .

�6�

where Y�k� is already defined by Eq. �2�.
3. Family (3): It contains all the states that are not be-

longing to family �1� or �2�. That is, the node in these
states is not serving new arrivals. The previous states
that may generate this state are either a k-� state
rin−1,in−1−1,. . .,i1−1

jn,jn−1,. . .,j1 or a �k+1�-� state rl,in−1,in−1−1,. . .,i1−1
1,jn,jn−1,. . .,j1

�only if k+1�w� or a �k+2�-� state rl,in−1,in−1−1,. . .,i1−1
2,jn,jn−1,. . .,j1

�only if k+2�w�.

The transition probability is given by

Ptr3 = Pr�no arrivals� + Pr�one new arrival�

� Pr�the arrival selects a used wavelength�

+ Pr�two new arrivals�

� Pr�both arrivals select used wavelengths� .

The corresponding flow equation is thus

rin,in−1,. . .,i2,i1

jn,jn−1,. . .,j2,j1 = Z�k��rin−1,in−1−1,. . .,i1−1
jn,jn−1,. . .,j1 + �1 − � k

w �

� rl,in−1,in−1−1,. . .,i1−1

1,jn,jn−1,. . .,j1 + �1 − � k

w − 1 �

� �l,in−1,in−1−1,. . .,i1−1

2,jn,jn−1,. . .,j1 � , �7�

where Z�k� is already defined by Eq. �3�.

4 Theoretical Analysis and Performance
Measures Evaluation

In this section, a detailed discussion for the proposed math-
ematical model aided with an intensive mathematical
analysis to evaluate the two performance measures 	i.e., the
steady-state system throughput and the blocking probability
in the general case �for any l and w�
 is provided.

For simplicity, we begin our analysis by solving the flow
equations for the special case of an OBSN with l=2 and
w�2l presented previously in �4�. Solving this system of
equations exactly without any approximations to find ex-
pressions for the state probabilities �m ,r1

1 ,r2
1 , . . . � in terms

of P0, P1, P2, and w requires many algebraic manipula-
tions, which is a very tiring problem to be performed math-
August 2009/Vol. 48�8�5
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matically. Thus, a MATLAB code is written to solve this
ystem of equations. This code gets l, w, P0, P1, and P2 as
nputs, and then it generates the flow equations that de-
cribe the state diagram corresponding to the input values
sing Eqs. �5�–�7�. Finally, it provides the state probabili-
ies as calculated from the solution of the generated flow
quations.

After running this code many times while l=2 and as-
igning different values for P0, P1, P2, and w, we obtain the
tate probabilities at each time. On the basis of the results
btained, a very important conclusion is reached

1
1 � r2

1 r1
2 � r2

2 r21
21 � r21

12.

What is very exciting is that this conclusion holds for all
alues of P0, P1, P2, and w tried while holding l fixed at 2.
ven with varying l to take other values �2, 3, 4…�, the
onclusion is still valid. Thus, the conclusion reached can
e generalized for any value of l. The rule governing this
quality is that the OBS node in these states uses the same
umber of wavelengths �k� and number of single arrivals
erved by the node at different time slots are equal in the
wo states �i.e., rin,in−1,. . .,i2,i1

jn,jn−1,. . .,j2,j1 and rim,im−1,. . .,i2,i1
jm,jm−1,. . .,j2,j1� are said to

e equal when k=�i=1
n jt=�p=1

m jp, n=m, ji= jp, where i�p.
The above approximation will reduce the three families

n Eqs. �5�–�7� into two categories only described in Eqs.
8� and �9�. The states will belong to the second category
hen there are two arrivals served by the OBS node in each

ime slot in these states �i.e., jn= jn−1= ¯ = j1=2�. Other-
ise, the states will belong to the first category

k,n = X�k�

��ak−1,n−1 + ak,n + �1 −
k

w �ak+1,n

bk−1,n−1 + ak,n + �1 −
k

w �bk+1,n
� if n � k � 2n − 1

if k = 2n − 1
,

�8�

k,n = Y�k�	bk−2,n−1 + ak−1,n + bk,n
 if k = 2n & n � 0, �9�

here ak,n denotes a state probability in the first category
ith k reserved wavelengths from the resources of the OBS

ore node, n represents the number of events in which at
east a single or two arrivals are successfully served by the
BS node in this state, and n� �1,2 , . . . , l∧w�, k
�1,2 , . . . ,w∧ �2l−1��, and k�2n. bk,n denotes a state

robability in the second category with k reserved wave-
engths, n represents the number of events in which two
rrivals are successfully served by the OBS node n
�0,1 ,2 , . . . , l∧ �w /2��, and k=2n, where b0,0 means idle

tate. For example in our special case b0,0=m, a1,1=r1
1=r2

1,
3,2=r21

12=r21
21, a2,2=r21

11, and b2,1=r1
2=r2

2, b4,2=r21
22.

Equations �8� and �9� can be written as follows:

k,n =
X�k�

1 − X�k��ak−1,n−1 + �1 −
k

w �ak+1,n

bk−1,n−1 + �1 −
k

w �bk+1,n
� if n � k � 2n − 1

if k = 2n − 1
,

�10�
ptical Engineering 085003-
bk,n = � Y�k�
1 − X�k − 1� − Y�k�� � bk−2,n−1 if k = 2n , �11�

where ak−1,n in Eq. �9� is always found using the second
definition of Eq. �8�. The target now is to get all states in
terms of m�b0,0�.

Using Eqs. �10� and �11� and after many mathematical
manipulations, we can get the general equation for any state
in the first category in terms of members in the second
category as follows:

ak,n = �
i=1

2h−1 ��
j=1

h

H�k + 1 + �
p=1

j

�− 1��i/�2h−p��� � �
q=1

h−1

C��k

+ 1 + �
z=1

q

�− 1��i/�2h−2��
 � �1 − � i

2h−1−q �mod 2
�
� G�k + 1 + �

p=1

h

�− 1��i/2h−p��
� bk+�p=1

h �− 1��i/�2h−p���k+�p=1
h �− 1��i/�2h−p���/2� , �12�

where

H�k� =
X�k�

1 − X�k − 1�
, G�k� =

Y�k + 1�
1 + X�k� − Y�k + 1�

+ 1, C�k� = 1 − � k

w �, and h = 2n − k .

Also, a recurrence relation can be computed for the sec-
ond category until we reach b0,0�m�.

bk,n = ��
i=1

n

�G	k − �2i − 1�
 − 1�
 � b0,0. �13�

Finally, we simply can calculate any state in the first
category from �12� in terms of m by substituting for the last
term �enclosed by the oval shape� by Eq. �13� but with
replacing n by �k+�p=1

h �−1��i / �2h−p��� /2. Imposing the con-
dition that the summation of all state probabilities equals 1
in �14� and substituting for b2n,n and ak,n in terms of m, then
taking m as a common factor we can compute m in terms of
A, l, and w.

m + �
n=1

l∧�w/2� �� l

n

 � b2n,n� + �

n=1

l∧w � �
k=n

w∧�2n−1� �� l

n

 � � n

2n − k



� ak,n�� = 1, �14�

where �n / l� is the number of states that have the same
probability b2n,n and �n / l�� �2n−k /n� is the number of
states that have the same probability ak,n.

After the calculation of m, we can compute the value of
any state probability. Consequently, the steady-state
throughput 	�A , l ,w� can be calculated in Eq. �15� by sim-
ply multiplying each state probability by the number of
August 2009/Vol. 48�8�6
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eserved wavelengths in this state �i.e., the number of suc-
essful served bursts in this state�

�A,l,w� = �
n=1

l∧�w/2� �2n � � l

n

 � b2n,n� + �

n=1

l∧w � �
k=n

w/∧�2n−1� �k

� � l

n

 � � n

2n − k

 � ak,n�� . �15�

To calculate the average blocking probability PB�A , l ,w�
or a given time slot, at an OBS core node, we have studied
ll possible cases, which can be summarized as follows:

1. There is only one arrival, and it is blocked.
2. There are two arrivals, and one of them is blocked.
3. There are two arrivals, and both are blocked.

In order to characterize the blocking cases, one must
ifferentiate between two distinct situations. The first situ-
tion, when the node is at a state in the second category
2n,n in which blocking may arise in two different sce-
arios, as follows:

1. If in� l, an arrival is blocked with probability
1 · �kP1 /w+ P2−k2P2 /w2− P2 /w2� 	1− �k / �w−1��

� �w−k�P2�+2· �k2P2 /w2�. The node will either enter
state bk,n if all incoming arrivals �1 or 2� are blocked,
or enter state ak+1,n+1 if there are two arrivals and one
of them is blocked while the other is served. The term
	1− �k / �w−1��
 is added to ensure that the equation
holds in case of w�2l.

2. If in= l, an arrival is blocked with probability 1 · �	�k
−2�P1
 /w+ P2− 	�k−2�2P2
 /w2− P2 /w2� 	w−�k−2�
P2�
+2· 	�k−2�2P2
 /w2. The node will enter state bk−2,n−1

if all incoming arrivals �1 or 2� are blocked, or enter
state ak−1,n if there are two arrivals and one of them is
blocked while the other is served.

In the second situation, if the node is staying at a state in
he first category ak,n, blocking may arise in three different
cenarios:

1. If in� l, an arrival is blocked with probability
1 · �kP1 /w+ P2−k2P2 /w2− P2 /w2� 	1− �k / �w−1��

� �w−k�P2�+2·k2P2 /w2. The node will either enter
state ak,n if all incoming arrivals �1 or 2� are blocked,
or enter state ak+1,n+1 if there are two arrivals and one
of them is blocked while the other is served. The term
	1− �k / �w−1��
 is added to ensure that the equation
holds in case of w�2l.

2. If in= l and jn=1, an arrival is blocked with probabil-
ity 1 · �	�k−1�P1
 /w+ P2− 	�k−1�2P2
 /w2− P2 /w2

� �1− �k /w��� 	w−�k−1�
P2�+2· 	�k−1�2P2
 /w2. The
node will enter state ak−1,n−1 or bk−1,n−1 if all incom-
ing arrivals �1 or 2� are blocked or enter state ak,n if
there are two arrivals and one of them is blocked
while the other is served. The term �1− �k /w�� is
added to ensure that the equation holds in case of w
�2l.

3. If i = l and j =2, an arrival is blocked with probabil-
n n

ptical Engineering 085003-
ity 1 · �	�k−2�P1
 /w+ P2− 	�k−2�2
 /w2− P2 /w2

� 	w−�k−2�
P2�+2· 	�k−2�2P2
 /w2. The node enters
ak−2,n−1 if all incoming arrivals �1 or 2� are blocked,
or enters state ak−1,n if there are two arrivals and one
of them is blocked while the other is served.

On the basis of the previous discussion, the blocking
probability PB�A , l ,w� can be written as follows:

PB�A,l,w� = m �
P2

w
+ �

n=1

l∧w/2 �b2n,n � ��� l

n

 − � l − 1

n − 1

�

� S0 + � l − 1

n − 1

S2�
 + �

n=1

l∧w � �
k=n

w∧�2n−1�

ak,n

� ��� l

n

 − � l − 1

n − 1

� � � n

2n − k

 � S0

+ � l − 1

n − 1

 � � n − 1

2n − k − 1

 � S1 + � l − 1

n − 1



� �� n

2n − k

 − � n − 1

2n − k − 1

� � S2�
 , �16�

where

S0 = 1 . � kP1

w
+ P2 −

k2P2

w2 −
P2

w2 � �1 − � k

w − 1 �
 � �w−k�P2�
+ 2 .

k2P2

w2 ,

S1 = 1 . � �k − 1�P1

w
+ P2 −

�k − 1�2P2

w2 −
P2

w2 � �1 − � k

w �

� 	w−�k−1�
P2� + 2 .

�k − 1�2P2

w2 ,

S2 = 1 . � �k − 2�P1

w
+ P2 −

�k − 2�2P2

w2 −
P2

w2 � �w−�k−2��P2�
+ 2 .

�k − 2�2P2

w2 .

5 Simulation and Results
As mentioned in Sec. 2, the assumption of fixed burst
length in the proposed model should be justified. To do so,
a simulation work is performed using MATLAB in which a
comparison between the steady-state system throughput �	�
in two cases is made: the first assuming fixed burst length
at l=50 and w=32, and the second assuming random burst
length that follows Gaussian distribution as proposed in
Ref. 4. The average value of the Gaussian distribution is set
to l=50 and w=32. Results of simulation shown in Fig. 4
reveal that the steady-state system throughput is almost the
same in both cases which justifies the assumption of fixed
burst length in the proposed mathematical model.

In addition, another simulation work is made to study
the OBSN performance 	i.e., by calculating the average
August 2009/Vol. 48�8�7
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ystem throughput �	�
, assuming exact Poisson traffic ar-
ivals. The results of this simulation will be taken as a
eference to compare the results of our proposed math-
matical model with and check its range of consistency.

Figures 5–7 are concerned with the two performance
easures of our model, namely, the steady-state system

hroughput �	� and the blocking probability �PB�. Initially,
he steady-state system throughput �	� is shown in Fig. 5,
here it is drawn against the average network traffic arriv-

ls �A� in three different cases. First, the results assuming
xact Poisson arrivals, which are obtained from simulation,
re drawn. Second, the results of our proposed mathemati-
al model, which are derived from Eq. �15�, are also drawn.
inally, the results of the older mathematical model pro-
osed by Shalaby,3 which assumes Bernoulli traffic arriv-
ls, are added. Also, to clarify that our proposed model,
nlike previous models, assumes the absence of wavelength
onversion, we draw the average throughput calculated
rom the Erlang-B formula derived from the M/M/w/w
odel10 in which the number of servers equal the number

f wavelengths and there are no places in the queue. In the
rlang-B formula, full server accessibility is assumed and,

hus, it represents the case of full wavelength conversion
apability in the node unlike our model.

Comparing the four curves, one can not that the system
hroughput �	� derived using our proposed mathematical

ig. 4 Average throughput versus average network traffic for fixed
urst length and random Gaussian burst length.

ig. 5 Average throughput versus average network traffic for the
roposed model, the simulation, and for the older proposed model.
ptical Engineering 085003-
model is approximately equal to that obtained from simu-
lation �assuming Poisson arrivals�, and this equality holds
up to average traffic arrivals of 0.6. On the other hand, it
can be noted that the throughput �	� derived from the older
model proposed in Ref. 3 is equal to that obtained from
simulation only up to average traffic arrivals of 0.12. In the
case of M/M/w/w model, the throughput �	� exceeds that
of simulation. This proves that our proposed model pro-
vides a much better approximation for the exact case when
compared to the older model proposed and more accurate
representation of the introduced exact case considering the
absence of full wavelength conversion capability compared
to the M/M/w/w model.10

The comparison also shows that our model outperforms
the older model in terms of the range of consistency. Be-
yond the limit of consistency, the throughput obtained from
our proposed model has larger values compared to the exact
case �Poisson arrivals�.

The reason behind this model collapse could be returned
to a failure in the assumed arrival distribution in our model,
which limits the maximum number of arrivals in a given
time slot to two and thus fails to approximate the Poisson
arrivals beyond the limit of consistency.

Considering the other performance measure derived
from our model, the average blocking probability, Figs. 6
and 7 demonstrate the results obtained for the blocking
probability calculated from Eq. �16�. First, in Fig. 6, the
blocking probability is plotted versus both the number of
wavelengths and the burst length at certain number of ar-
rivals per burst length which is denoted by 
, where it can
be easily evaluated from the equation 
=Al.

It can be noted from Fig. 6 that the blocking probability
decreases with the increase of either the number of wave-
lengths or the burst length. This is because when the num-
ber of wavelengths increases there will be a better chance
for an upcoming burst to find its channel empty to reserve.
Moreover, as the burst becomes longer �l increases�, the
average number of arrivals per time slot decreases �A de-
creases� because more packets are assembled into the
longer burst. The effect of this fact is considered by holding

 fixed at 30. Consequently, the blocking probability de-
creases with the increase of the burst length. The price paid
by assembling more packets into a larger burst is the in-
crease in packet latency. Thus, we have a trade-off between
the blocking probability and the latency.

Figure 7 shows the relation between the number of
wavelengths and the burst length at fixed blocking prob-
abilities �0.1, 0.15, 0.2,…�. These curves result from the
intersection of the surface drawn in Fig. 6, with surfaces
representing constant values of the blocking probability. It
can be implied from the curves that if the burst becomes
longer the effect of increasing the number of wavelengths
on the blocking probability is not noticeable. This can be
noted from the larger spaces separating the curves at larger
burst lengths as compared to the smaller spaces at smaller
burst lengths. For instance, increasing w from 10 to 20
while l=50, decreases the blocking probability from PB1
=0.5458 to PB2=0.4559. On the other hand, increasing w
from 10 to 20 while l=200, only decreases the blocking
probability from PB1=0.1134 to PB2=0.0906, which is not
significant as compared to the first case. On the basis of the
above discussion, one can easily conclude that the effec-
August 2009/Vol. 48�8�8
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iveness of increasing the number of wavelengths allocated
or reservation is stronger for small burst lengths. For
onger bursts, wavelength conversion would be a better so-
ution to resolve the contention taking place at the OBS
ore node.

Conclusion
he enhanced mathematical model evaluates two perfor-
ance measures of an OBS core node, namely, the steady-

tate system throughput and the blocking probability. Nu-
erical results are presented at different values of network

raffic and various network parameters. On the basis of the
resented results, one can come up with the following con-
lusions:

Fig. 6 Average blocking probability versus the
total number of arrivals 
=30.

ig. 7 Number of wavelengths versus the burst length at different
locking probabilities.
ptical Engineering 085003-
1. In spite of the complexity of the proposed mathemati-
cal model equations, the model is still an easy and
reliable way to get fast results by direct substitution
with known network parameters instead of great ef-
forts spent on simulation.

2. Throughput results show that our proposed model
provide a good approximation for the exact case
�Poisson arrivals� and outperforms the older model
proposed in Ref. 3 in terms of range of consistency.

3. Results also reveal that the proposed model deals
with the case of no wavelength conversion capability
in the node, unlike older proposed models, such as
the M/M/w/w model.10 This can be the real case due
to the large costs needed to install such advanced
technologies, which may increase the overall cost of
the core network to an unacceptable limit.

4. Results of the blocking probability show that adding
wavelength conversion capabilities to the node is
only required for large burst lengths, while increasing
the number wavelengths is adequate to resolve the
contention between small competing bursts.

5. Because of the complexity of the EPA technique, it
will be unreasonable to use it in further work because
the state diagram will be huge, especially when we
add buffering capabilities to the resources of the core
node.
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