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The performance of multiple-input multiple-output free space optical (MIMO-FSO) communication
systems, that adopt multipulse pulse position modulation (MPPM) techniques, is analyzed. Both exact
and approximate symbol-error rates (SERs) are derived for both cases of uncorrelated and correlated
channels. The effects of background noise, receiver shot-noise, and atmospheric turbulence are taken
into consideration in our analysis. The random fluctuations of the received optical irradiance, produced
by the atmospheric turbulence, is modeled by the widely used gamma-gamma statistical distribution.
Uncorrelated MIMO channels are modeled by the α μ− distribution. A closed-form expression for the
probability density function of the optical received irradiance is derived for the case of correlated MIMO
channels. Using our analytical expressions, the degradation of the system performance with the incre-
ment of the correlation coefficients between MIMO channels is corroborated.

& 2015 Elsevier B.V. All rights reserved.
1. Introduction

Free-space optical (FSO) communications systems have high
bandwidth, no spectrum licensing, and interference immunity.
They provide cost-effective means for transferring high data rates
and are used in many telecommunications applications, e.g., sa-
tellite links, robotics, last mile connectivity, cellular backhaul, and
optical-fiber backup [1]. One of the most important phenomena
that affect the performance of FSO system is Scintillation [2,3].
Scintillation is produced by the inhomogeneities of the tempera-
ture and pressure along the transmission path, which cause ran-
dom fluctuations on the refractive index seen by the optical signal
propagating along the FSO link, which in turn cause random
fluctuations in both amplitude and phase of the received optical
field. This fluctuations increase the system symbol error rate (SER).
Several statistical distributions have been proposed to model the
random effects of the turbulence induced scintillation, e.g., log-
normal, negative-exponential, and gamma-gamma distributions.
Log-normal distributions are only suitable for weak turbulence
conditions, while negative-exponential distributions are suitable
for very strong or extreme turbulence conditions [4]. Gamma-
gamma distributions, however, are valid for a wider range of
allaf).
turbulence intensities from weak to strong [5]. The last model is
used in this paper to describe the random intensity fluctuations
generated by scintillation.

The effect of scintillation can be reduced by using spatial di-
versity where there are multiple apertures at the transmitter and/
or the receiver sides. In this paper, the most complete spatial di-
versity solution, i.e., multiple-input-multiple-output (MIMO)
technique, is employed [6]. Additionally, in order to increase the
system robustness against the scintillation effects, multipulse
pulse-position modulation (MPPM) is adopted. MPPM has been
introduced in [7], where multiple signal slots are sent during a
symbol duration. Thus, MPPM has better bandwidth and power
efficiencies when compared to standard pulse-position modula-
tion (PPM) and on-off-Keying (OOK) schemes, respectively.

The performance of MIMO-FSO systems has been widely in-
vestigated in literature. Wilson et al. have studied the performance
of MIMO-FSO system using MPPM coding methods under both
log-normal and Rayleigh fading models [6], Navidpour et al. have
investigated the bit-error rate (BER) performance of a MIMO-FSO
system adopting OOK over log-normal turbulent fading channels
for both cases of independent and correlated channels [8], Kazemi
et al. have studied the outage probability of MIMO-FSO system
with selection combining (SC) over log-normal turbulent channels
[9], Cvijetic et al. have derived closed-form bounds for a MIMO-
FSO system adopting PPM for non-fading, log-normal, and
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negative exponential fading channels [10] and Jiang et al. have
investigate the BER performance of MIMO-FSO adopting OOK
under turbulent channel modelled by exponentiated Weibull (EW)
[11]. The previously maintained literatures have studied the effects
of fading for different modulation techniques but haven't use the
gamma-gamma pdf, which is the most valid one, to model scin-
tillation. In [12,13] the gamma-gamma distribution has been used
to model turbulent channel but the gamma-gamma summation of
MIMO channels has been approximated with gamma-gamma and
gamma distribution, respectively. Finally, Kazemi et al. have de-
rived a closed-form expression for the outage probability for a
MIMO-FSO system adopting binary PPM [14]. They have used a α-
μ distribution to model the atmospheric channel random effects.
Their work can be considered as a special case of our work since
they study the performance of PPM in case of uncorrelated
channel while we study the common case of MPPM in case of
uncorrelated and correlated channels.

The main contribution in this paper is to derive closed-form
expressions for the SERs of MIMO-FSO systems employing MPPM
coding techniques under gamma-gamma distributed atmospheric
turbulent fluctuations. In our derivations, we use an equal gain
combining (EGC) method and different correlation characteristics
between the received optical signals. For uncorrelated (in-
dependent) channels, the resultant combined summation of the
gamma-gamma received signals can be approximated by the α-μ
distribution [15]. For the general case of correlated channel, the
summation is obtained by applying a recently proposed model,
which defines the probability-density function (pdf) of a combined
received optical irradiance when correlated spatial diversity is
employed at the receiver (single-input-multiple-output (SIMO))
[16]. Moreover, in order to reduce the computing complexity of
the exact expressions, approximate closed-form expressions for
the SERs are also derived.

The rest of the paper is organized as follows. Gamma-gamma
channel model is cited in Section 2. In Section 3, our MIMO-FSO
system and channel models are introduced, where both un-
correlated and correlated channels are considered. Section 4 is
devoted for the derivation of exact and approximate closed-form
expressions of the SERs in both cases of uncorrelated and corre-
lated MIMO channels. Our numerical results are given in Section 5,
where we make comparisons between both SISO and MIMO sys-
tems using both exact and approximate expressions. The effect of
correlation coefficients on the system performance is investigated
in this section as well. Finally, the conclusion is given in Section 6.
Fig. 1. Multiple-input multiple-output (MIMO) system model with M laser trans-
mitters and N optical receivers.
2. Gamma-gamma channel models

The marginal pdf of the gamma-gamma distribution is defined
as [5]:
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where Γ (·) denotes the gamma function, Bc (·) denotes the cth order
modified Bessel function of the second kind, Ks represents the
average detected signal photon count per signal slot, and

E KsΩ = { } is the mean of Ks. Here E {·} denotes the expected value.
The parameters x and y are the shape parameters of the gamma-
gamma distribution, associated to refractive and diffractive tur-
bulence effects, respectively. They are related to the effective
number of large-scale and small-scale eddies, respectively. The
scintillation index var K E K/SC s s
2 def 2χ = { } { }, which provides a mea-

sure to the strength of the intensity fluctuations, is related to x and
y as:

x y xy
1 1 1

.
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For weak to moderate turbulence, χSC2 is usually in the range of
0, 0.75[ ], whereas for strong turbulence, the scintillation index is
greater than 0.75 [4].
3. MIMO-FSO system and channel models

Our MIMO-FSO system is composed of M transmit and N re-
ceive apertures as shown in Fig. 1.

The transmitters employ MPPM techniques and the receivers
are assumed to be shot-noise limited. An MPPM symbol duration
is divided into Q time slots and the optical power is transmitted
within w Q1, 2, , /2∈ { … } time slots only. Number of bits per
frame in MPPM modualtion technique is log Q

w2( ). The same MPPM

frame will be transmitted by all the M laser sources. Let Ymn
j ,

m M1, 2, ,∈ { … }, n N1, 2, ,∈ { … }, denote the detected photon
count in slot j Q1, 2, ,∈ { … } over the optical link established
between mth transmitter and nth receiver. The average detected
photon count per signal slot for EGC-based receiver is given by
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where Ksmn denotes the average detected signal photon count over
the optical link betweenmth transmitter and nth receiver and Kb is
the average detected photon count per slot due to background
noise. In order to evaluate the average SER of the system, the pdf of
any of the Q summations of the MN gamma-gamma random
variables
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should be defined. This pdf is dependent on the relationship be-
tween the MIMO channels. In our analysis below we consider two
cases, uncorrelated (independent) and correlated (more realistic)
MIMO channels.

3.1. Uncorrelated MIMO channels

If the distance between any two elements of the system (M
laser sources and N photodetectors) is greater than the correlation
distance ρc, each of the individual paths from transmitter to re-
ceiver can be considered to be independent. The correlation
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distance ρc is typically approximated by Lλ for weak turbulence,
where λ is the wavelength and L is the distance between trans-
mitter and receiver [17]. In this case, Z is a summation of MN in-
dependent and identically distributed (i.i.d) gamma-gamma ran-
dom variables. This summation can be approximated using α-μ
distribution, which probability-distribution functions are given by
[15,18]:
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where α, 0μ > are the distribution parameters and z E z= { }αα is
an α-root mean value. To calculate α, μ, and z , the moment-based
parameter estimators introduced in [15,18] are employed, leading
to solving the following nonlinear equations:
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By using the multinomial expansion theorem, the required mo-
ments E Z{ }, E Z2{ }, and E Z4{ } can be evaluated as follows:
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where L Ki smn= for i m N n1= ( − ) + , and v is a positive integer.
The vth moments of Li can be computed as
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3.2. Correlated MIMO channels

Due to the limitation in physical space, it may be difficult to
keep the spacing between receivers greater than the correlation
distance. In these situations, the MIMO-FSO channels exhibit
spatial correlation and the α-μ distribution is no longer valid for
the random variable Z of (4). A closed-form expression for the pdf
of the summation of EGC correlated gamma-gamma random
variables has been introduced by Garrido-Balsells et al. [16]. In that
paper, the pdf of the combined received irradiance is deduced in
the case of a SIMO-FSO system. In their analysis, the authors have
assumed that under the most usual atmospheric turbulence con-
ditions, the large-scale effects are common to all received beams
whereas the small-scale effects are described by identically dis-
tributed spatially correlated gamma random variables. Applying
same assumptions here, we can obtain a generalized closed-form
expression for the pdf of the EGC combined optical irradiance in a
MIMO system configuration:
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where i i
MN

1λ{ } = are the eigenvalues of the matrix A DC= . The matrix
D is an MN�MN diagonal matrix with the entries of the small-
scale shape parameter y, whereas C is an MN�MN positive defi-
nite correlation matrix whose elements, ijρ , are the correlation
coefficients of the underlying Gaussian processes that lead to the
small-scale gamma fading. The upper summation limit N′ is the
number of different eigenvalues of the matrix A and y yi A iμ λ= ( ) ,
where A iμ λ( ) is the algebraic multiplicity of the eigenvalue λi. Fi-
nally, the coefficient cqi is given by:
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For this model, it is not valid to be reduced to the uncorrelated
case by using identity correlation matrix,C, because this distribu-
tion is based on the assumption that all beams have the same large
scale effect so they are already correlated.
4. Symbol-error rates

Let us define the received vector Z Z Z Z, , , Qdef 1 2= ( … ), where the
jth entry in this vector Zj represents a summation over slot j as
given in (4). Out of these Q slots, there are w ‘ON’ slots that carry
signal and Q w− ‘OFF’ slots that carry no signal. The error takes
place if one or more of the ‘OFF’ slots has count equal to or higher
than that in ‘ON’ slots. The SER of MPPM systems in non-turbulent
atmosphere channel is given by [19]:
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where zmin denotes the minimum photon count in symbol signal
slots. In addition p0 (·) and p1(·) denote the photon count prob-
abilities of non-signal and signal slots, respectively. Also, P0 (·) and
P1(·) denote their cumulative distributions. Since the detected
photon count per MPPM slot follows a Poisson distribution, the
last four probabilities are given by:
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for any k 0, 1, 2,∈ { …}, where z represents the average detected
signal photon count per ‘ON’ slot. The average SER can be found by
averaging (11) with respect to z. Since the term
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which, after some algebraic manipulations similar to that in [19],
can be expressed as:
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4.1. Exact SER Expression for Uncorrelated MIMO Channels

Using (5) and (14):
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Replacing the two exponential terms in the last integration using
Meijer-G function [20] and assuming that α is a rational number

t v/α = ∈ , we can use the main integrations formulae in [20] to
get the required expression as following:
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4.2. Exact SER Expression for Correlated MIMO Channels

By substituting using (9) and (10) into (14), then using the in-
tegration formula in [21], the average SER of correlated MIMO-FSO
channels reduces to that in (17)
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where W , (·)(· ·) is the Whittaker function.

4.3. Approximate SER

Due to the computational complexity needed to evaluate both
of the exact expressions, we introduce in this subsection an ac-
curate and easily computable approximation expression to obtain
an approximate estimations of the SERs. The approximation is
based on Gauss-Laguerre quadrature rule [22]. We rewrite (13) as:
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Based on Gauss-Laguerre quadrature rule, the value of the in-
tegration in (18) can be approximated as:
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where Vi is the i-th root of the Laguerre polynomial Lc(x) with
degree c 1> and Λi is the corresponding weighting coefficient.
5. Numerical results

In this section, we investigate the SER performance of MIMO-
FSO systems, using both exact and approximate expressions, with
Laguerre polynomial with degree c¼100, obtained in previous
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Fig. 2. Average SER versus average number of transmitted photons for an MPPM
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sections. We compare our results to that of the equivalent SISO-
FSO system assuming same average transmitted power, data rates,
and channel states.

Figs. 2 and 3 show the average SERs versus average number of
transmitted photons of MIMO-FSO (with M N 2= = ) and SISO-FSO
systems, both adopting MPPM techniques with Q w, 4, 2( ) = ( ).
Two levels of turbulence intensity are assumed, strong turbulent
channels with parameters (x¼8, y¼1, 1.25SC

2χ = ) and moderate
turbulent channels with parameters (x¼5, y¼4, 0.5SC

2χ = ). Same
background noise of Kb¼1 photon per channel is assumed as well.
Specifically, Fig. 2 shows the results for the uncorrelated channels
case, whereas Fig. 3 shows the results for correlated MIMO chan-
nels with correlation coefficient 0.6ρ = . Both exact and approx-
imate expressions are depicted in the two figures, where it is clear
that there is a high degree of agreement between their values. It is
also clear from the figures that there is a significant improvement
in the SER when using MIMO systems when compare to that of the
SISO systems. Comparing both figures, we can conclude that un-
correlated MIMO system outperforms the correlated one. The first
has SER¼10�11 under moderate turbulent channels and average
number of transmitted photons¼100 while correlated one has
SER¼10�4 under the same conditions.

Using the same system parameters as give above, Fig. 4 shows
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Fig. 3. Average SER versus average number of transmitted photons for an MPPM
system with Q¼4 and w¼2 under strong and moderate turbulent channel
( 1.25SC

2χ = and 0.5SC
2χ = , respectively) for both correlated MIMO, (with M N 2= = ,

correlation coefficient 0.6ρ = ) and SISO systems.
the average SER versus the average number of transmitted pho-
tons of a MIMO-FSO system adopting MPPM scheme for different
values of correlation coefficients. As shown in figure, the higher
the correlation coefficient the worse system performance. In the
special case of high correlation coefficient, i.e., 1ρ ≈ , all the
channels are affected by same fading and the received signals are
practically the same, which leads to a single effective channel. In
this situation, both MIMO and SISO systems have nearly the same
performance. In contrast, for lower correlation values, 0ρ ≈ , all
channels are nearly independent, taking complete advantage of
the MIMO diversity concept and leading to a noticeable perfor-
mance improvement.
6. Conclusion

The performance, in terms of symbol-error-rates, of shot-noise-
limited MIMO-FSO systems adopting MPPM techniques has been
studied. The atmospheric turbulence effects have been modeled by
the widely used gamma-gamma distribution. The summation of
the MN gamma-gamma random variables have been modeled by
two robust pdf expressions for the two cases of uncorrelated and
correlated channels. Exact SER expressions have been derived for
both channel configurations. Our expressions have been used to
investigate the MIMO system performance. In addition the ob-
tained results have been compared to that of the equivalent SISO
systems. Finally, the effect of the correlation coefficients on the
system performance has also been studied, concluding as expected
that to take advantage of the diversity technique, it is desirable for
the received signals to be as independent as possible.
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